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» LDPC codes: Wi-Fi, Cellular Networks (4G, 5G).
» Turbo codes: used in 3G and 4G systems.
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System Model

P A
W L xoo DX yoe By

» Message W =me {1,2,--- M}
» Codebook C £ {x{°,x5°, -+ - x5}
» Random coding: Each codeword x*° N P
» Message m is mapped to f(m) = x3°
» Over a noisy channel, the output is random.
> Output Y ~ Pyoc|xoo—xeo
» Decoder returns W = g(Y7)
> Decoding stops at 7 £ inf{n: P(W # m|Y7) < ¢}

Definition: VLSF codes
A (M, €) VSLF code achieves a message size M with average error
probability P(W # W) < e.
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Hypothesis Testing

Binary Hypothesis Testing

Ho : PxnPynx» (X" was transmitted)
Hi : PxnPyn (X" was not transmitted)

(X2, Y7) ~ {

Information density: the log-likelihood ratio:

dPY”'X":X"

((x"3y") £ log =)

where Pyn is the marginal distribution induced by the input P%.
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Information Density Random Walks

Random coding + memoryless i.i.d. channels = random walks

dPyn'Xn:Xn

1 (x™ y") = log Py (y")

n

_Zl gd Y|X_x, ()
= Zl(Xi;)/i)
i—1

Characterizing VLSF codes via this random-walk structure.
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At each time n, the decoder tests M codewords by information
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Decoding Rule

The VLSF decoder stops at the first time 7 where one of these
densities exceeds a threshold ~:

7 =inf{n: maxui(x];y") >~}
m

Interpretation

Decoding stops when the target reliability is guaranteed.
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Reliability Guarantee

Theorem
Let € > 0 and M € N+g. For any threshold v > log # the
threshold-based VLSF decoding rule satisfies

P[W # W] <e.
Proof.
1. Information density: +(x"; y") = log dpﬁ",i#(y")
2. Likelihood ratio L, £ e®x"¥") = %(yn)

> Non-transmitted codeword (x"; y") ~ PxnPyn
» Nonnegative martingale with E[L,] =1

3. Ville's inequality?: P(sup,el L, > e7> <e™?

4. By the union bound over the M — 1 incorrect codewords,
PW # W] <(M—-1)e™?

5. Choosing v > log @ yields P[W # W] <e

L]
) Ville, Etude critique de la notion de collectif. Gauthier-Villars, first ed.,=1939:
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Latency:

Stopping time 7:
» 7 is upper-bounded by the true message (indexed by 1).
. y
» Average latency: E[7] < MIERD)
> Wald's identity?

1. Suppose Z1,2s,--- are i.i.d. random variables, Z; ~ Pz
2. Let T be a stopping time for (Z;)i>1.
3. Suppose that E[T],E[|Z]] < oco.
4. Then:

E

i Zi:| = E[T]E[Z]

E[T]=E

EEZ]/EV]

i=1

2w, Feller, An introduction to probability theory and its applications, Volume
2.John Wiley & Sons, 1991.



Approximation of stopping time distribution?

IG approximation of 7°
DP approximation of S (ng) :
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Sk(n)
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Figure: Diffusion processes (DP) approximation and inverse Gaussian (IG)
distributed stopping time under different SNRs

3 Joint work with Dr. Kevin Zagalo
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Observation

Transmitter

Dense feedback: Feedback after every symbol: n symbols = n
feedback

] (- )

Sparse feedback: Feedback occurs only at t optimized time
instants: n symbols = t feedback
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stop-feedback codes with finite optimal decoding times for BI-AWGN channels,”

2022 ISIT, pp. 1527-1532

(1a)

(1b)



Proposed rule
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» Error probability characterized by fixed blocklength analysis®

I71-1
min 3 (- PR YY) <l (23)
7T =
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Unknown quantity

Pl(X[7, Y™) < 4]

Sy. Polyanskiy, H. V. Poor, and S. Verdd, “Channel coding rate in the finite
blocklength regime,” IEEE Transactions on Information Theory, vol. 56, no. 5,
pp. 2307-2359, 2010.
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Step 1: §, = 2 (X, ;> ;) Exponential tilting
i=1
Original Densi Tilted Densi o ,
"gmaf(x) ensity e fs(jns'ty Step 2: Find Saddlepoint § by solving

7
K(s) =<
\(S) "

Tilted via e**

/\ \
K(s) = log M(s)

Vs Cumulant Generating Function

Y
_ Je™
59 =" M(s) = Ele*]

Moment Generating Function

Step 3: The Lugannani-Rice Approximation
1 ) Definition of terms:

w = sgn($)1/2(y§ — nK(s)):

Signed root of log-likelihood
ratio deviation

1
PS, <7] = (W) + ¢(W)< -

w o

@( - ): Standard Normal CDF i = 8,/nK"(8)
¢( - ): Standard Normal PDF Related to curvature of tilted

distribution
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Saddlepoint Approximations

1. P[y(X{”, Y™) < +] admits a closed-form expression in terms of
the saddlepoint §

2. Saddlepoint § is in closed form with respect to v and n for

common channels

Results
Optimization problem can be solved analytically.



Accuracy of Saddlepoint Approximations

AWGN: SNR=1, y=20
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Number of transmitted symbols: n

Figure: Saddlepoint approximations for a continuous channel



Accuracy of Saddlepoint Approximations

CDF: PIS, <yl
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------ Overshoot: 0 step

20 40 60 80 100
Number of transmitted symbols: n

Figure: Saddlepoint approximations for a discrete channel
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Random Walk Overshoot

THRESHOLD 7y IOVERSHOOT

Position Sj,

Time n

Assuming an overshoot of 0 or 1 step yields continuous correction
bounds that can be used for gradient-based optimization.



Accuracy of Saddlepoint Approximations

CDF: PIS, <yl

Iy
o

o
]

0.0+

BSC6=0.11, y=20

s —— Saddlepoint method
) —-—- Exact distribution
—-= Overshoot: 1 step
------ Overshoot: 0 step

20 40 60 80 100
Number of transmitted symbols: n

Figure: Saddlepoint approximations for discrete channel.



Optimization problem

Literature®: No crossing at final decoding: = error

ml%l_ E[7] (3a)

)

st (M—1)e™ +P(X™, Y™) <4] <e.  (3b)

5H. Yang, R. C. Yavas, V. Kostina, and R. D. Wesel, “Variable-length
stop-feedback codes with finite optimal decoding times for BI-AWGN channels,” in
2022 ISIT, pp. 1527-1532



Optimization problem

Literature®: No crossing at final decoding: = error

ml%l_ E[7] (3a)

)

st (M—1)e™ +P(X™, Y™) <4] <e.  (3b)

Proposed rule: No crossing at final decoding = select the highest
information density

m17n_ E[7] (4a)

9

st. (M—=1)e 7" +ep(M,n) <e (4b)

5H. Yang, R. C. Yavas, V. Kostina, and R. D. Wesel, “Variable-length
stop-feedback codes with finite optimal decoding times for BI-AWGN channels,” in
2022 ISIT, pp. 1527-1532
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VLSF Codes over Correlated Noncoherent Fading Channels
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Correlated Noncoherent Fading Channels

V2X Application -
Short & Reliable Packets

(e.g., small number of bits, fixed size)
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Correlated Noncoherent Fading Channels

“Middle Ground” regime

Channels experience symbol-wise correlation, but not block-fading.
Fading channel with memory’

"Lapidoth, Amos, and Stefan M. Moser. “Capacity bounds via duality with
applications to multiple-antenna systems on flat-fading channels.” IEEE
Transactions on Information Theory 49.10 (2003): 2426-2467.



Correlated Noncoherent Fading Channels

“Middle Ground” regime

Channels experience symbol-wise correlation, but not block-fading.
Fading channel with memory’

Example: First-order Gauss-Markov process with correlation p

Hi = pHi—1+ V1 — p2 W,

"Lapidoth, Amos, and Stefan M. Moser. “Capacity bounds via duality with
applications to multiple-antenna systems on flat-fading channels.” IEEE
Transactions on Information Theory 49.10 (2003): 2426-2467:
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Analysis based on martingale for any nontransmitted codeword is
still valid!

Conditional expectation with respect to F,_1 under Hj:
Bty [Ln(X™ Y7) [ Fi—1]

dPyn|Xn7yn—1

=L Xn—l. Yn—l E |:
n 1( ' ) Hl dPyn‘yn—l
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Martingale Structure
Analysis based on martingale for any nontransmitted codeword is
still valid!

Conditional expectation with respect to F,_1 under Hj:
Bty [Ln(X™ Y7) [ Fi—1]

dPyn|Xn7yn—1

=L Xn—l. Yn—l E |:
n 1( ' ) Hl dPyn‘yn—l

(o)l Foca

_ _ dPyn X, Yn—1
:Ln_]_(Xn 1;Yn 1)/(1P\|/WH(Yn)dPY"IYn1(Yn)

:Lnfl(Xn_l; yn—l)

Takeaway
VLSF Decoding rule still holds:

» Decoder declares the message for which the information
density crosses the threshold.

» Reliability Guarantee still holds.
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For any measurable set A € B()"),
Pyn(A) ://PynXn:Xn,Hn:hn(A)dPXn(Xn)dPHn(hn)
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Challenges

The actual information density is intractable for correlated
noncoherent channel:

For any measurable set A € B(Y"),

Pyn(A) ://PynXn:Xn,Hn:hn(A)dPXn(Xn)dPHn(hn)

_ / Pyt (A)dPro (h).

Solutions
Change-of-measure + Variation approach

dPyn
L(h™) & h").
(") 2 S (1)
where VQu» € Q, and Q the set of reference probability measures
(computable) such that Pyn < Qun.




Information density lower bound

Theorem (Information density lower bound)

Let Qun € Q be a reference measure. Fix r > 1, and let s £ -]
denote its Holder conjugate. Then, given a pair
(Xnvyn) cX"x yn'
n..,n nin r—1
Ux"; y") > log fynxn(y"|x") — fDr(PH”HQH")
1 n n\s
- g'OgEQHn [Fyn e (y"H")]

where D,(Pyn||Qun) is the Rényi divergence of order r.



Information density lower bound

Theorem (Information density lower bound)

Let Qun € Q be a reference measure. Fix r > 1, and let s & ——

r—1
denote its Holder conjugate. Then, given a pair
(Xnvyn) 6 Xn X yn'
n,.n nyn r—1
Ux";y") 2 1og fyayxn(y"X") = ———Dr(Ppin| Q) -
5

1 n n
— 3 log Eqyn [fyninn(y"|H")],
where D,(Pyn||Qun) is the Rényi divergence of order r.

Operational meaning

Whenever the lower bound crosses the threshold, the actual
information density must cross, too. The VLSF decoding rule holds
with reliability guarantee.



Upper bound

Theorem (Information density upper bound)

Let Qun € Q, and the likelihood ratio L(h™). Then, for every
realization (x", y"),

ux"; y") <log fynxa(y"[x") + D(Prn|| Qur)
— EQun [ 10g fynpn(y"IH")], (6)

where D(Pyn||Qun) denotes the Kullback-Leibler (KL) divergence.



Performance characterization

g
£ 107 —— Threshold in Theorem 1
o ~—— Example 1
= 59 —— Example 2
g€ —— Example 3 RT .
< oA — amples Specialization
0 2 50 75 100 125 150 175 200 » QH" i.i.d. Gaussian
n
o auxiliary distribution
Z 0.015
= - . .
Foon] » Px Gaussian signaling
£ 0.005 1
a
£
*0.000 T T T T T T T
0 25 50 75 100 125 150 175 200
n
8

8Chosen for mathematical tractability rather than strict optimality



Upper- and lower bound

L2
S
20 4 S e = e = =k =

0.6 0.8 1.0 1.2 1.4 1.6 1.8
of,r'=3.91

- — = —

» Non-negligible gap.

BT S T S e ek SO S
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O- T T T T T
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r,of* =151

Lower and upper bounds of 50 symbols [nats]
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Conclusion

> We develop a gradient-based framework to compute
achievability bounds for sparse VLSF codes, leveraging the
analyticity of saddlepoint approximations.

» The framework enables alternative decoding rules and reveals
rate gains.

» Furthermore, performance characterization of VLSF codes
could be extended to correlated noncoherent fading channels.
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Saddlepoint Approximations

» Let Z; =(Xy;; Yi) be information density per channel use.

» Denote Kz(s) the cumulant generating function (CGF) of Z.

» The CGF of S, = o(X{", Y") =", Z; is K(s) = nKz(s).

» If Z has a density, the Lugannani-Rice approximation [1]
gives, for each n € N-q the CDF? of

PIS, < 7] ~ { () + 60A)(1/i =1/8) - # ElS)
+ 6\/%}(}/8)3/2 Y= E[Sn],
where W = sgn(3)/2(5y — K(8)) and d = 5,/ K" (3).

Takeaway:
P[(X,”, Y™) < 7] admits a closed-form expression in terms of the
saddlepoint S.

9The functions ¢ and ® denote the standard normal probability density and CDF,
respectively, and sgn(.) is the sign function.



Saddlepoint Approximations

For discrete Z, let k denote the smallest attainable lattice point
above v. Then, P[S, < 7] =

(W) +o(w)(1/w—1/0) k # E[Sn],

1,1 K"'(0) 1 _
§+E(6K”(0)3/2 - 2\/m) k = E[Sn]7

where w is defined as in the continuous case, and the curvature
correction term is given by 7 = (1 — e™°)\/K"(3).
Takeaway:

P[(X,”, Y™) < 7] admits a closed-form expression in terms of the
saddlepoint S.



Common Memoryless i.i.d. Channels
Additive White Gaussian Noise (AWGN) Channel:
Y =X+ N, where X ~ N(0, pg) and N ~ N(0,1)

2 2
(V=X >

1 1
Z = -log(1 -
5 og ( +P0)+2(

Centering the random variable Z as Z = Z — $log (14 po) The
threshold 4 =~ — Jlog (1 + po) The CGF of S, is given by

2
n PoS
Ke(s)=——log(1—
Sn(s) 2 og < Po n 1) )

and the corresponding saddlepoint § is given by

e NV +45%(po+1)/(po)
2% '

Takeaway:

Saddlepoint § is in closed form with respect to 7y and n for
common channels.



Common Memoryless i.i.d. Channels

Binary Symmetric Channel (BSC): with crossover probability
5 €(0,1) and input X ~ Bernoulli(3).

7 log2(1 —0) w.p.1—4,
B log 26 w.p. 4,
The CGF of S, is Kz (s) = nlog (6+(1- 5)e'°g¥s). Solving
Kg (s) = k — nlog 2 gives a closed form expression for the
saddlepoint:

(k/n—log 26)é
log ((Iog(zu—a))—k/n)(l—a))

og (15°)

Binary Erasure Channel (BEC): Similar derivations.

5=

Takeaway:

Saddlepoint § is in closed form with respect to v and n for
common channels.
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