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Abstract—We study a joint strong coordination and sensing
scenario: A transmitter observes an independent and identi-
cally distributed (i.i.d.) PU -source sequence and communicates
causally to a receiver, whose goal is to synthesize an action se-
quence V N whose joint law with the source sequence UN is close
to an i.i.d. target law QUV (with marginal PU ). Communication
is over a state-dependent memoryless channel with generalized
feedback (modelling backscattered signals) to the transmitter,
who exploits these signals to sense the hidden channel state SN .
That means, it synthesizes an estimation sequence ŜN whose
joint law with SN should be close to an i.i.d. target distribution
QSŜ . In this paper, we propose a block-Markov coding scheme
based on the output statistics of random binning framework
and implicit randomness extraction at the two terminals, and we
derive the corresponding sufficient conditions for pairs of joint
pmfs (QUV , QSŜ) that can be strongly coordinated this way, in
function of the available rate of external common randomness
shared between transmitter and receiver. We also provide a
converse proof which identifies necessary conditions for pairs
of joint pmfs (QUV , QSŜ) that can be strongly coordinated
for some rate of external randomness. A key new step here is
to prove optimality of a memoryless estimation kernel at the
transmitter side to produce ŜN . Our sufficient and necessary
conditions coincide for sufficiently high rates of available common
randomness, thus establishing the set of all pairs of joint
pmfs (QUV , QSŜ) that can be strongly coordinated under this
assumption.

I. INTRODUCTION

Strong coordination [1]–[5] studies communication systems
whose goal is that distributed agents produce sequences ap-
proximately following a prescribed joint law.

Recent years saw an emergence of integrated sensing and
communication (ISAC) systems, in which the same resources
are utilized for both communication and sensing tasks. Specif-
ically, a transmitter communicates to a receiver, and from the
backscattered signals (modeled as generalized feedback), the
transmitter attempts to estimate parameters of the environment.
Theoretic studies on this subject include the works in [6]–[11].

In this work, we take a strong coordination approach to
this problem. That means, we consider the setup in Figure 1
and assume that the transmitter causally observes an i.i.d. U -
sequence. The receiver produces a V -sequence on its side,
in a way that the two sequences follow an i.i.d. target joint
law QUV , i.e,. so that the joint UV -sequence is strongly
coordinated according to QUV . From the backscattered signal,
the transmitter produces a state-estimation sequence ŜN that

should be strongly coordinated according to an i.i.d. target law
QSŜ with the state sequence SN of the channel.

Our work is related to the coordination results in [2], [12],
which however do not consider sensing. Moreover [12] has no
feedback and [2] considers weak and not strong coordination.

In this work, we present necessary and sufficient conditions
for target laws QUV and QSŜ to allow for strong coordina-
tion in our setup. These necessary and sufficient conditions
coincide when the transmitter and receiver can share common
randomness of sufficiently high rate.

Throughout this article, random variables are denoted
by uppercase letters, their realizations by lowercase letters,
and their alphabets by calligraphic letters. For a sequence
Xn = (X1, . . . , Xn), we write Xi−1 = (X1, . . . , Xi−1),
Xn
i+1 = (Xi+1, . . . , Xn), and X∼i = (Xi−1, Xn

i+1). In the
block-Markov proof, Xn

b denotes the length-n sequence in
block b. We abbreviate probability mass function by pmf and
independent and identically distributed by i.i.d.. The total
variation (TV) distance between two pmfs P and Q is denoted
∥P −Q∥TV =

∑
x |P (x)−Q(x)|/2.

II. SYSTEM MODEL AND PROBLEM FORMULATION

Consider the setup of Fig. 1. Node 1 observes a source
process {Ui}i≥1, which is i.i.d. according to a given P̄U ,
and communicates over a state-dependent memoryless channel
(SDMC) to a Node 2, which then produces a coordinated
sequence {Vi} at its end. Node 1 observes a feedback signal
from the SDMC, based on which it produces an estimate {Ŝi}
of an internal state sequence {Si}.

The SDMC is described by the transition law
P̄Y Z|XS(y, z|x, s), meaning that at each time i and given
channel input Xi = x and internal state Si = s, Node 2
observes channel output Yi ∼ PY |XS(·|x, s) and Node 1
feedback output Zi ∼ PZ|XS(·|x, s). The goal is that Node
2 coordinates its N outputs V N with the N source symbols
UN according to a product pmf Q⊗N

UV and that Node 1
coordinates its N estimates ŜN with the first N internal state
symbols SN according to the product pmfs Q⊗N

SŜ
. We shall

allow that the two nodes employ the SDMC slightly more
than N times, more precisely, we allow for N ′ = (1 + α)N
channel uses, where α can be an arbitrarily small but positive.

We assume causal encoding and define the following notion
of a code.
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Fig. 1. Joint strong coordination and sensing setup.

Definition 1. An (N,α,RC) strong coordination–sensing
code consists of:

1) A common-randomness variable C, independent of
(UN , SN

′
) and uniformly distributed over [1 : 2NRC ],

available noncausally to both nodes;
2) A sequence of stochastic encoding kernels

ϕi=

{
U i ×Zi−1 × [1 :2NRC ] → P(X ), i∈ [1 :N ],

UN×Zi−1× [1 :2NRC ] → P(X ), i∈ [N + 1:N ′],

mapping the past and the current source symbols U i,
the previous feedback outputs Zi−1, and the common
randomness C to the i-th channel input Xi.

3) A stochastic decoding kernel

g : YN
′
× [1 : 2NRC ] → P(VN ),

mapping all channel outputs Y N
′

and C to a sequence
V N .

4) A stochastic estimator kernel

h : UN × [1 : 2NRC ]×XN ′
×ZN ′

→ P(ŜN ),

mapping all channel inputs and feedback outputs to the
estimated sequence ŜN .

Our goal is to characterize the set of pmfs QUV and
QSŜ that can be coordinated with a given rate of common
randomness RC and for given channel pmfs P̄Y Z|XS and P̄S .

Definition 2. A pair (QUV , QSŜ) is RC-achievable if for any
α > 0 there exists a sequence (in N ) of (N,α,RC) strong
coordination–sensing codes such that the induced joint pmfs
on (UN , V N ) and (SN , ŜN ), denoted PUNV N and PSN ŜN

respectively, satisfy

lim
N→∞

∥∥PUNV N −Q⊗N
UV

∥∥
TV

= 0, (1)

lim
N→∞

∥∥∥PSN ŜN −Q⊗N
SŜ

∥∥∥
TV

= 0. (2)

III. MAIN RESULTS

Theorem 1 (Sufficient Condition). A pair of pmfs
(QUV , QSŜ) is RC-achievable if there exists a pmf QW1

and kernels QX|UW1
, QW2|UZW1

, QK|XZ , QV |YW1W2
, and

QŜ|XZ such that the joint pmf

QUV SXY ZŜW1W2K
=P̄U P̄SQW1

QX|UW1
QK|XZQW2|UZW1

· P̄Y Z|XSQV |YW1W2
QŜ|XZ (3)

satisfies the following three conditions:
1) Its (U, V )- and (S, Ŝ)-marginals are QUV and QSŜ .
2) The following information constraint is satisfied:

I(U,Z;W2 |W1, Y ) + I(X,Z;K |W1,W2, Y )

< I(W1;Y ). (4)

3) The rate of common randomness satisfies:

RC > max


H(W1|Y ) +H(W2|W1, Y )

−H(W2|U, V ) + ∆UV
K ,

H(W1|Y ) +H(W2|W1, Y )

−H(W2|S, Ŝ) + ∆SŜ
K

 , (5)

where

∆UV
K ≜ H(K|W1,W2, Y )−H(K|W2, U, V ), (6)

∆SŜ
K ≜ H(K|W1,W2, Y )−H(K|W2, S, Ŝ). (7)

This sufficient condition is obtained with a block-Markov
coding scheme, as described in Section IV-B.

Intuitively, in each block the W1 sequence is used to
describe the current source sequence U to Node 2, while W2 is
used to refine the information from the previous blocks using
their feedback outputs Z. The K-sequence is used to extract
common randomness from the channel at the two nodes, which
can be used in subsequent blocks. The estimate sequence
ŜN is produced by applying the memoryless kernel QŜ|XZ
symbolwise to the input–feedback pairs (XN , ZN ).

We next provide a necessary condition for RC-achievability.

Theorem 2 (Necessary Condition). If a pair of pmfs
(QUV , QSŜ) is RC-achievable, then there exists a pmf QW1

and kernels QX|UW1
, QW2|UZW1

, QV |YW1W2
, and QŜ|XZ

such that the joint pmf in (3) (with K constant) satisfies
Conditions 1) and 2) in Theorem 1.

Having a non-degenerate K can decrease the required
amount of common randomness RC in the achievability result,
but not the set of pmfs (QUV , QSŜ) that are achievable for
some RC . This follows also from the next corollary to above
two theorems.

Corollary 1. When the rate of common randomness RC
is sufficiently large (depending on the pmfs P̄S , P̄U , and
PY Z|XS), then the pair (QUV , QSŜ) is RC-achievable if, and
only if, the conditions in Theorem 2 are satisfied.

Remark 1. Consider arbitrary source and state distributions
P̄U and P̄S and a channel of the form

X =

(
Xs

Xr

)
→ (Y, Z) =

(
Ys, Zs

(B,B)

)
(8)



for B an independent randomness.
Consider any choice of the auxiliaries W1,W2, V indepen-

dent of B, and observe then that the choice K = B inde-
pendent of W1,W2, U, V, S, Ŝ, leads to the same information
constraint

I(U,Z;W2|W1, Y ) < I(W1;Y ) (9)

as when choosing K a constant. However, it allows to reduce
rate of common randomness by H(K). Having K non degen-
erate thus allows to strictly decrease the common randomness
rate, whenever it is positive for K=const.

IV. PROOF OF THEOREM 1

The proof of our sufficient condition is based on a block-
Markov coding scheme. To this end, let α > 0 and B
sufficiently large so that α ≥ 1

B . Then, split the blocklength
N ′ into B+1 blocks, each of length n ≜ ⌊NB ⌋. Note that since
N ′ = (1 + α)N ≥ (B+1

B )N , there might be a few channel
uses left at the end, which we will not be using.

The transmitter describes each source block Unb during
channel blocks b and b+1, for b = 1, . . . , B, and the receiver
produces the reconstruction sequence V nb based on output
blocks Y nb and Y nb+1. The detailed encodings and decodings
will be described shortly, see Subsections IV-A and IV-B. At
the very end, the transmitter produces the estimation sequence
ŜN by employing a memoryless stochastic kernel QŜ|XZ to
the input and feedback sequences (XN , ZN ).

Analysis is based on the fact that the block-Markov pro-
cedure imposes a joint law of the following form, for some
“hidden” random variables {Hn

1,b, H
n
2,b}Bb=1 explained later:

PUN ,V N ,SN ,ŜN ,Hn
1,1,...,H

n
1,B ,H

n
2,1,...,H

n
2,B

= PUn
1 ,H

n
1,1

B∏
b=2

PV n
b−1,S

n
b−1,Ŝ

n
b−1,H

n
2,b−1,U

n
b ,H

n
1,b|U

n
b−1,H

n
1,b−1

·PV n
B ,S

n
B ,Ŝ

n
B ,H

n
2,B |Un

B ,H
n
1,B
. (10)

Using a sliding-window analysis, we will show that

PUn
1 ,H

n
1,1

= Q⊗n
U,H1

, (11a)

and for b = 2, . . . , B:

EQ⊗n

U′,H′
1

[∥∥∥PV n
b−1,S

n
b−1,Ŝ

n
b−1,H

n
2,b−1,U

n
b ,H

n
1,b|U

n
b−1,H

n
1,b−1

(·|U ′n,H ′n
1 )

−Γ⊗n
V,S,Ŝ,H2,U,H1|U ′,H′

1

(·|U ′n, H ′n
1 )

∥∥∥
TV

]
≤ ηn.

(11b)

for a sequence ηn → 0 as n→ ∞ and some pmfs QU,H1
and

QV,S,Ŝ,H2|U ′,H′
1

and

ΓV,S,Ŝ,H2,U,H1|U ′,H′
1
≜ QV,S,Ŝ,H2|U ′,H′

1
QU,H1

so that the resulting per-block pmf

QU,V,S,Ŝ,H1,H2
= QU,H1

QV,S,Ŝ,H2|U,H1
,

has marginals QU,V and QS,Ŝ .

The same bound, after marginalizing the newly generated
(Unb , H

n
1,b), applies to the termination block that produces

(V nB , S
n
B , Ŝ

n
B , H

n
2,B).

By the triangle inequality for TV-distance (for details, see
Appendix A-A) and the fact that marginalizing out can only
reduce TV-distance [13, Lemma 16], we then obtain over all
blocks, with N = Bn:∥∥∥PUN ,V N −Q⊗N

U,V

∥∥∥
TV

≤ (B + 1)ηn, (12a)∥∥∥PSN ,ŜN −Q⊗N
S,Ŝ

∥∥∥
TV

≤ (B + 1)ηn. (12b)

Therefore, for any fixed B the TV distance vanishes. Letting
B → ∞, we conclude the proof for all values of α.

It remains to explain the detailed encodings and decodings
in each block and to prove Inequalities (11). We employ the
output statistics of random binning approach (OSRB) to obtain
the per-block encodings and decodings. In Subsection IV-A
we describe a random binning scheme (sketched in Fig. 2),
which implicitly defines two conditional distributions used as
per-block encoders and decoders in our block-Markov scheme
as depicted in Fig. 3, see Subsection IV-B.

A. Per-Block Random Binning Scheme

Consider the random-binning scheme in Figure 2, where we
defined the averaged channel

P̄Y Z|X(y, z|x) ≜
∑
s∈S

P̄S(s)P̄Y Z|XS(y, z|x, s) (13)

and choose QW1
and the kernels QX|UW1

, QW2|UZW1
,

QK|XZ , QV |YW1W2
, and QŜ|XZ .

We then define the target distribution

QUW1XY ZW2KV = P̄UQW1
QX|UW1

P̄Y Z|X

·QW2|UZW1
QK|XZQV |YW1W2

. (14)

For block 1, draw Wn
1,1 ∼ Q⊗n

W1
and sequences Xn

1 ∼
Q⊗n
X|UW1

(·|Un1 ,Wn
1,1) and (Y n1 , Z

n
1 ) ∼ P̄⊗n

Y Z|X(·, ·|Xn
1 ).

For blocks b = 2, . . . , B, the tuple from the previous block

Σnb−1 ≜ (Unb−1,W
n
1,b−1, X

n
b−1, Y

n
b−1, Z

n
b−1), (15)

and (Unb ,W
n
1,b) are fed to the chosen kernels to generate



Wn
2,b−1 ∼ Q⊗n

W2|UZW1
(·|Unb−1, Z

n
b−1,W

n
1,b−1),

Kn
b−1 ∼ Q⊗n

K|XZ(·|X
n
b−1, Z

n
b−1),

Wn
1,b ∼ Q⊗n

W1
,

Xn
b ∼ Q⊗n

X|UW1
(·|Unb ,Wn

1,b),

(Y nb , Z
n
b ) ∼ P̄⊗n

Y Z|X(·, ·|Xn
b ).

For the termination block b = B + 1, no new source block
is coordinated. Thus draw

Xn
B+1 ∼ Q⊗n

X|W1
(·|Wn

1,B+1) (16)

for

QX|W1
(x|w1) =

∑
u

P̄U (u)QX|UW1
(x|u,w1). (17)
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Fig. 2. Random binning scheme for blocks b ≥ 2.
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Fig. 3. Random coding scheme for blocks b ≥ 2.

Also, let (Y nB+1, Z
n
B+1) ∼ P̄⊗n

Y Z|X(·, ·|Xn
B+1).

In addition, for every b = 2, . . . , B + 1, generate three
random bin indices [14] of rates R̃F , R̃J , and R̃K :

Fb = φ1,b(W
n
1,b,W

n
2,b−1,K

n
b−1),

Jb = φ2,b(W
n
1,b,W

n
2,b−1,K

n
b−1),

Lb = φ3,b(W
n
1,b,W

n
2,b−1,K

n
b−1),

using independent random binnings φ1,b, φ2,b, φ3,b. (For b =
1, W2,b−1 and Kb−1 are assumed constant.)

Based on these bin indices and the side information
(Y nb ,W

n
1,b−1, Y

n
b−1), for every b = 2, . . . , B + 1, a Slepian-

Wolf (SW) decoder [14], [15] is employed to produce the
reconstructions (Ŵn

1,b, Ŵ
n
2,b−1, K̂

n
b−1), and finally generate

V nb−1 ∼ Q⊗n
V |YW1W2

(·|Y nb−1,W
n
1,b−1, Ŵ

n
2,b−1). (18)

For given binnings φ1,b, φ2,b, φ3,b, the SW-decoder induces
a kernel

P SW
Ŵn

1,bŴ
n
2,b−1K̂

n
b−1|FbJbLbWn

1,b−1Y
n
b−1Y

n
b

, (19)

which will be the decoder in our random coding scheme
described in the following subsection. The above construction
also induces a kernel

PRB
Wn

1,bW
n
2,b−1K

n
b−1|U

n
b−1W

n
1,b−1X

n
b−1Z

n
b−1FbJbLb

,

which will be our encoder. We later refer to the joint distri-
bution induced by the scheme above as PRB.

B. Random Coding Scheme

Split C into equally sized parts C = (J1, . . . , JB+1)
and assume for the moment extra common randomness
(L1, . . . , LB+1) and (F1, . . . , FB+1) of rates R̃K and R̃F . The
randomness Lb will later be replaced by randomness extracted
at both the transmitter and the receiver, and the randomness
Fb will be eliminated later on.

We start by describing the encoding. In block b =
1, the encoder generates Wn

1,1 ∼ Q⊗n
W1

and Xn
1 ∼

Q⊗n
X|UW1

(·|Un1 ,Wn
1,1), and transmits Xn

1 over the channel.
For blocks b = 2, . . . , B the encoding is described in

Figure 3, where we choose

PEnc ≜ PRB
Wn

1,bW
n
2,b−1K

n
b−1|U

n
b−1W

n
1,b−1X

n
b−1Z

n
b−1FbJbLb

. (20)

That means, based on the common randomness bits Fb, Jb,
and Lb, and the sequences (Unb−1W

n
1,b−1X

n
b−1Z

n
b−1) gen-

erated in the previous block, it constructs the sequences
(Wn

1,b,W
n
2,b−1K

n
b−1), and feeds Wn

1,b and Unb to the kernel
QX|UW1

to construct Xn
b ∼ Q⊗n

X|UW1
(·|Unb ,Wn

1,b), which
it then sends through the channel. In the termination block
b = B+1, the same encoder kernel produces Wn

1,B+1, Wn
2,B ,

and Kn
B , and the channel input is generated according to

Q⊗n
X|W1

(·|Wn
1,B+1) as in (17).

Figure 3 also describes the decoding steps at the end of each
block b = 2, . . . , B + 1. The decoder first applies the kernel
P SW
Ŵn

1,bŴ
n
2,b−1K̂

n
b−1|FbJbLbWn

1,b−1Y
n
b−1Y

n
b

to the common random-



ness (Fb, Jb, Lb) and the sequences (Wn
1,b−1, Y

n
b−1, Y

n
b ) to

produce (Ŵn
1,b, Ŵ

n
2,b−1, K̂

n
b−1). It finally, generates

V nb−1 ∼ Q⊗n
V |YW1W2

(·|Y nb−1,W
n
1,b−1, Ŵ

n
2,b−1).

We later refer to the joint distribution induced by the coding
scheme above as PRC.

C. TV Analysis
In a first instance, we assume that (F1, . . . , FB+1) and

(L1, . . . , LB+1) are additional common randomness and show
that when

R̃F + R̃J + R̃K > H(W1|Y ) +H(W2,K|W1, Y ), (21)
R̃F + R̃J + R̃K < H(W1) +H(W2|UZW1) +H(K|XZ),

(22)

the pmf PRC satisfies (11) for Hn
1,b = (Wn

1,b, X
n
b , Y

n
b , Z

n
b )

and Hn
2,b = (Wn

2,b,K
n
b ). This is detailed in Appendix A-B,

and is done in two steps:
1) Prove that (11) is satisfied by the relevant part of PRB

(the distribution in the random binning scheme).
2) Prove that PRB and PRC are TV-vanishingly close.

Then, the triangle inequality will conclude the proof.
Note that analysis is performed on expectation over the

random choice of the binning schemes. Ensuring vanishing
TV distances on expectation ensures that the TV distances
vanish for at least one realization of the binnings.

Moreover, ensuring (11) coordinates the whole sequence of
involved random variables, while the effective requirement to
coordinate the U and V sequences and the S and Ŝ sequences
is much weaker. In Appendix A-C we show that we can fix an
instance of the extra randomness F (as in [3]) and also replace
the external randomness L with randomness extracted from
previous K-sequences, while still ensuring the desired strong
coordination under the condition on the common randomness
rate in (5) .

V. PROOF OF THEOREM 2
Consider α > 0 and an (N,α,RC) strong coordination–

sensing code with common randomness C, as in Definition 1,
that achieves (QUV , QSŜ) in the sense of Definition 2. Let
N ′ ≤ (1+α)N denote the number of channel uses. For ease of
notation, let Ξ denote the internal local randomness employed
at the stochastic encoder. Then, for each i ∈ [1 : N ], define

W1,i ≜ (Ξ, U i−1, Zi−1, Y i−1, C), W2,i ≜ Y N
′

i+1. (23)

Let T be uniform over [1 : N ] and independent of
(UN , XN ′

, SN
′
, ZN

′
, Y N

′
, V N , ŜN , C). Define

W1 ≜ (W1,T , T ), W2 ≜ (W2,T , T ), U ≜ UT ,

X ≜ XT , S ≜ ST , Y ≜ YT ,

Z ≜ ZT , V ≜ VT , Ŝ ≜ ŜT . (24)

Then we have:

0
(a)
=

1

N

N∑
i=1

I(U i−1, Zi−1, Y i−1;Yi|Y Ni+1, C,Ξ, Y
N ′

N+1)

− 1

N

N∑
i=1

I(Y Ni+1;Ui, Zi, Yi|U i−1, Zi−1,

Y i−1, C,Ξ, Y N
′

N+1) (25)

≤ 1

N

N∑
i=1

I(U i−1, Zi−1, Y i−1, C,Ξ;Yi) +
1

N
H(Y N

′

N+1)

− 1

N

N∑
i=1

I(Y N
′

i+1;Ui, Zi|U i−1, Zi−1, Y i−1, C,Ξ, Yi)

(26)

≤ 1

N

N∑
i=1

I(W1,i;Yi)−
1

N

N∑
i=1

I(W2,i;Ui, Zi|W1,i, Yi)

+
N ′ −N

N
log |Y| (27)

≤ I(W1;Y )− I(W2;U,Z|W1, Y ) + α log |Y|. (28)

Here, (a) follows from Csiszár’s sum identity [16] with
(Ξ, C, Y N

′

N+1) included as common side information. Letting
α → 0 (achievability needs to hold for all α > 0), estab-
lishes the information inequality (4) (with K constant) for all
blocklengths N .

The proof is then concluded by showing that there exists
a subsequence of increasing blocklengths {Ni} such that
the joint pmf of above random variables P

(Ni)

USW1W2XY ZV Ŝ
converges to a limiting distribution of the form

Q̃UV SXY ZŜW1W2
=P̄U P̄SQW1

QX|UW1
QW2|UZW1

· P̄Y Z|XSQV |YW1W2
Q̃Ŝ|XSZY UVW1W2

(29)

with marginals QSŜ and QUV and satisfying (4). This holds by
standard arguments, like bounding the size of the cardinality
of the auxiliary random variables using Carathéory’s theorem;
invoking the Bolzano-Weierstrass theorem to establish the
desired convergent subsequent {Ni}; exploiting the strong co-
ordination definition; and proving the Markov chains. (Details
are provided in Appendix B)

Define now QŜ|XZS as the conditional marginal of above
distribution. We notice that

QUV SXY ZŜW1W2
=P̄U P̄SQW1

QX|UW1
QW2|UZW1

· P̄Y Z|XSQV |YW1W2
QŜ|XZS (30)

continues to have marginals QSŜ and QUV as well as satis-
fying (4).

The proof is then concluded by noting that QŜ|XZS =
QŜ|XZ because for each N :

PSŜXZ = PŜ|XZPSXZ = PŜ|XZ P̄SP̄Z|XSPX , (31)

where the first equality holds because PS|XZ = PS|XZŜ by
the memoryless law of the channel, which implies that given
the input-output pair (Xi, Zi) the state Si is conditionally
independent of future inputs, outputs, states and ŜN . Further
details are given in Appendix B.

ACKNOWLEDGMENT

This work was supported by the ANR grant CLECI.



REFERENCES

[1] P. W. Cuff, H. H. Permuter, and T. M. Cover, “Coordination capacity,”
IEEE Transactions on Information Theory, vol. 56, pp. 4181–4206, Sept.
2010.

[2] M. Le Treust, “Empirical coordination with channel feedback and strictly
causal or causal encoding,” in Proc. IEEE International Symposium on
Information Theory (ISIT), pp. 471–475, June 2015.

[3] F. Haddadpour, M. H. Yassaee, S. Beigi, A. Gohari, and M. R. Aref,
“Simulation of a channel with another channel,” IEEE Transactions on
Information Theory, vol. 63, no. 5, pp. 2659–2677, 2016.

[4] G. Cervia, L. Luzzi, M. Le Treust, and M. R. Bloch, “Strong co-
ordination of signals and actions over noisy channels with two-sided
state information,” IEEE Transactions on Information Theory, vol. 66,
pp. 4681–4708, Aug. 2020.

[5] S. A. Obead, B. N. Vellambi, and J. Kliewer, “Strong coordination over
noisy channels,” IEEE Transactions on Information Theory, vol. 67,
pp. 2716–2738, May 2021.

[6] M. Ahmadipour, M. Kobayashi, M. Wigger, and G. Caire, “An
information-theoretic approach to joint sensing and communication,”
IEEE Transactions on Information Theory, vol. 70, pp. 1124–1146, Feb.
2024.

[7] A. Liu, Z. Huang, M. Li, Y. Wan, W. Li, T. X. Han, C. Liu, R. Du,
D. K. P. Tan, J. Lu, Y. Shen, F. Colone, and K. Chetty, “A survey
on fundamental limits of integrated sensing and communication,” IEEE
Communications Surveys & Tutorials, vol. 24, no. 2, pp. 994–1034,
2022.

[8] M. Kobayashi, G. Caire, and G. Kramer, “Joint state sensing and
communication: Optimal tradeoff for a memoryless case,” in 2018 IEEE
International Symposium on Information Theory (ISIT), pp. 111–115,
2018.

[9] Y. Cui, F. Liu, C. Masouros, J. Xu, T. X. Han, and Y. C. Eldar,
“Integrated sensing and communications: Background and applications,”
in Integrated Sensing and Communications, pp. 3–21, Springer Nature,
2023.

[10] H. Joudeh and F. M. J. Willems, “Joint communication and binary
state detection,” IEEE Journal on Selected Areas in Information Theory,
vol. 3, no. 1, pp. 113–124, 2022.

[11] M.-C. Chang, S.-Y. Wang, T. Erdoğan, and M. R. Bloch, “Rate and
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APPENDIX A
DETAILS FOR ACHIEVABILITY PROOF

A. Proof Step in (12)

Let PAB and QAB distinct distributions. By the triangle
inequality:

∥PAB −QAB∥TV

≤ ∥PAB −QAPB|A∥TV + ∥QAPB|A −QAB∥TV. (32)

The first term is upper bounded by

∥PA −QA∥TV,

since total variation cannot increase under a fixed conditional
kernel [13, Lemma 17]. For the second term,

∥QAPB|A −QAQB|A∥TV = EQA

[
∥PB|A −QB|A∥TV

]
.

Combining the two bounds proves

∥PAB−QAB∥TV ≤ ∥PA−QA∥TV+EQA

[
∥PB|A−QB|A∥TV

]
.

(33)

B. Detailed Analysis of TV distance

Let PRC and PRB denote the random pmfs (where the ran-
domness stems from the binning functions φ1,b, φ2,b, φ3,b) in-
duced by our binning and coding schemes in Subsections IV-A
and IV-B. Recall also the definition of Σb−1 in (15):

Σnb−1 = (Unb−1,W
n
1,b−1, X

n
b−1, Y

n
b−1, Z

n
b−1) (34)

and define

Λnb ≜ (Wn
2,b−1,K

n
b−1, V

n
b−1, U

n
b ,W

n
1,b, X

n
b , Y

n
b , Z

n
b ), (35)

Λ̃nb ≜ (Λnb , Ŵ
n
1,b, Ŵ

n
2,b−1, K̂

n
b−1). (36)

1) PRB close to i.i.d.: To prove the first point, we define
an intermediate distribution PRB,perf , which is induced by the
auxiliary random binning setup under perfect Slepian–Wolf
decoding:

PRB,perf

Fb,Jb,Lb,Λ̃n
b |Σ

n
b−1

≜ PRB
Fb,Jb,Lb|Un

b−1,W
n
1,b−1,X

n
b−1,Z

n
b−1

·PRB
Wn

1,b,W
n
2,b−1,K

n
b−1|U

n
b−1,W

n
1,b−1,X

n
b−1,Z

n
b−1,Fb,Jb,Lb

· P̄Un
b
QXn

b |Un
b W

n
1,b
P̄Y n

b Z
n
b |Xn

b

·1
{
(Ŵn

1,b, Ŵ
n
2,b−1, K̂

n
b−1) = (Wn

1,b,W
n
2,b−1,K

n
b−1)

}
·QV n

b−1|Y
n
b−1W

n
1,b−1W

n
2,b−1

. (37)

Under this distribution, after marginalizing over the bin in-
dices, we have

PRB,perf
Λn

b |Σ
n
b−1

= Q⊗n
Λ|Σ, (38)

where

QΛ|Σ
(
w2, k, v, u

′, w′
1, x

′, y′, z′ | u,w1, x, y, z
)

≜ QW2|UZW1
(w2|u, z, w1)QK|XZ(k|x, z)

·QV |YW1W2
(v|y, w1, w2) P̄U (u

′)QW1
(w′

1)

·QX|UW1
(x′|u′, w′

1) P̄Y Z|X(y′, z′|x′). (39)

Hence, if Σnb−1 ∼ Q⊗n
Σ , where

QΣ(u,w1, x, y, z) ≜P̄U (u)QW1
(w1)QX|UW1

(x|u,w1)

· P̄Y Z|X(y, z|x),
(40)

then we have

PRB,perf
Σn

b−1Λ
n
b
= (QΣQΛ|Σ)

⊗n. (41)



Hence, by (41) the first part will be completed if we prove
that PRB,perf is close to PRB in total variation.

This is done by applying [17, Theorem 10.1] for the
reconstruction of (Wn

1,b,W
n
2,b−1,K

n
b−1), with side information

(Wn
1,b−1, Y

n
b−1, Y

n
b ), and the indices (Fb, Jb, Lb) available to

the decoder. In fact, we obtain that if the rates R̃F , RC , and
R̃K of the common randomness Fb, Jb, and Lb satisfy (21),
i.e.,

R̃F + R̃J + R̃K > H(W1|Y ) +H(W2,K|W1, Y ), (42)

then there exists a vanishing sequence δn → 0 such that

Eφ
[
EPRB

Σn
b−1

[∥∥PRB
Λ̃n

b |Σ
n
b−1

−PRB,perf

Λ̃n
b |Σ

n
b−1

∥∥
TV

]]
≤ δn, (43)

where here expectation is with respect to the random binning
operations φ1,b, φ2,b, and φ3,b, which determine the encoding
and decoding rules.

2) PRC close to PRB: Here, we apply [14, Theo-
rem 1] to the bin indices (Fb, Jb, Lb), with side information
(Unb−1,W

n
1,b−1, X

n
b−1, Z

n
b−1). This allows us to conclude that

if (22) holds, i.e.,

R̃F + R̃J + R̃K < H(W1) +H(W2,K|U,W1, X, Z) (44)
< H(W1) +H(W2|UZW1) +H(K|XZ),

(45)

then there exists ϵn → 0 such that

Eφ
[∥∥∥PRB

Σn
b−1FbJbLb

−PRB
Σn

b−1
pUFb

pUJbp
U
Lb

∥∥∥
TV

]
≤ ϵn. (46)

Since the encoder kernel in PRC, defined by (20), is equal to
the corresponding kernel in PRB, and also all remaining ker-
nels coincide, [13, Lemma 17] combined with Condition (46)
allow to conclude

Eφ
[
EPRB

Σn
b−1

[∥∥PRC
Λ̃n

b |Σ
n
b−1

−PRB
Λ̃n

b |Σ
n
b−1

∥∥
TV

]]
≤ ϵn. (47)

3) Total Variation of the Block Transitions: Combining (43)
and (47), we obtain

Eφ
[
EPRB

Σn
b−1

[∥∥PRC
Λ̃n

b |Σ
n
b−1

−PRB,perf

Λ̃n
b |Σ

n
b−1

∥∥
TV

]]
≤ ϵn + δn. (48)

Marginalization to Λb further yields

Eφ
[
EPRB

Σn
b−1

[∥∥PRC
Λn

b |Σ
n
b−1

−PRB,perf
Λn

b |Σ
n
b−1

∥∥
TV

]]
≤ ϵn + δn. (49)

Together with (38), this shows that one block of the ran-
dom coding scheme simulates the target transition from
(Unb−1, H

n
1,b−1) to (V nb−1, H

n
2,b−1, U

n
b , H

n
1,b), where

Hn
1,b = (Wn

1,b, X
n
b , Y

n
b , Z

n
b ), Hn

2,b = (Wn
2,b,K

n
b ).

Appending Snb−1 and Ŝnb−1 through the memoryless kernels
induced by P̄SP̄Y Z|XS and QŜ|XZ then gives (11b).

C. Joint extraction of common randomness and removal of Fb

At the end of block b = 2, . . . , B + 1, Node 2 reconstructs
the sequence Kn

b−1 previously generated by Node 1. Both ter-
minals extract the block b+1 common-randomness Lb+1 from
Kn
b−1 (or the reconstruction) using an independent random

binning
ψb : Kn → [1 : 2nR̃K ],

i.e.,
Lb+1 ≜ ψb(K

n
b−1).

The first two variables L1 and L2 cannot be constructed this
way, but have to be supplied from the common randomness C.
This adds an additional rate of 2

B R̃K to RC , which however
vanishes as B → ∞. We will simply neglect this edge effect.

Recall Fb = φ1,b(W
n
1,b,W

n
2,b−1,K

n
b−1). By [14, Theorem 1]

applied to the bin indices Fb and Lb+1 with side information

(Unb−1, V
n
b−1,Σ

n
b )

we have

Eφ,ψ
[∥∥∥PRB,perf

Un
b−1V

n
b−1Σ

n
b FbLb+1

−Q⊗n
UVQ

⊗n
Σ pUFb

pULb+1

∥∥∥
TV

]
→ 0,

(50)

if the following two conditions are satisfied:

R̃K < H(K|U, V ), (51a)

R̃F + R̃K < H(W2,K|U, V ). (51b)

Similarly, applying [14, Theorem 1] to the same bin-indices
and to side-information

(Snb−1, Ŝ
n
b−1,Σ

n
b ),

proves that

Eφ,ψ
[∥∥∥∥PRB,perf

Sn
b−1Ŝ

n
b−1Σ

n
b FbLb+1

−Q⊗n
SŜ
Q⊗n

Σ pUFb
pULb+1

∥∥∥∥
TV

]
→ 0,

(52)

whenever

R̃K < H(K|S, Ŝ), (53a)

R̃F + R̃K < H(W2,K|S, Ŝ). (53b)

Since on expectation the pmfs PRC and PRB,perf have vanish-
ing TV distance on the marginals (Unb−1, V

n
b−1,Σ

n
b , Fb, Lb+1),

and (Snb−1, Ŝ
n
b−1,Σ

n
b , Fb, Lb+1), the limits in (50) and (52)

also hold for PRC instead of PRB,perf . Finally, by applying
[14, Lemma 4] to the sum, over all active blocks, of the TV
distances in (50), (52), and the corresponding Slepian–Wolf
reconstruction-error probabilities, there exists a realization fB

of FB such that all these summed quantities vanish.

B+1∑
b=2

∥∥∥PRC
Un

b−1V
n
b−1Σ

n
b Lb+1|FB=fB −Q⊗n

UVQ
⊗n
Σ pULb+1

∥∥∥
TV

→ 0,

(54)



B+1∑
b=2

∥∥∥PRC
Sn
b−1Ŝ

n
b−1Σ

n
b Lb+1|FB=fB −Q⊗n

SŜ
Q⊗n

Σ pULb+1

∥∥∥
TV

→ 0.

(55)

Thus, FB can be fixed. Also, since Node 2 reconstructs
Kn
b−1 with vanishing error, the two terminals agree on the

recycled seed Lb+1 = ψb(K
n
b−1) with vanishing error.

After fixing FB = fB , the propagation starts from Σn1 ∼
Q⊗n

Σ and an independent uniform seed L2, supplied by the
external common randomness. For b = 2, . . . , B, block b uses
the carry (Σnb−1, Lb), where Unb−1 is contained in Σnb−1, to pro-
duce V nb−1 for the UV -coordination marginal and Ŝnb−1 for the
SŜ-sensing marginal, and to refresh the carry to (Σnb , Lb+1).
The bounds (54) and (55) show that this refreshed carry is
asymptotically distributed as Q⊗n

Σ pULb+1
and is independent of

the corresponding UV - or SŜ-block. Hence the same block-
propagation and triangle inequality argument as in (11)–(12)
applies, now with (Σnb , Lb+1) in place of Σnb . The termination
block b = B+1 is handled in the same way after marginalizing
the final carry. Together with the vanishing K-reconstruction
error probability, this gives∥∥PUNV N −Q⊗N

UV

∥∥
TV

→ 0,
∥∥∥PSN ŜN −Q⊗N

SŜ

∥∥∥
TV

→ 0.

D. Proof of the rate condition (5)

Combining the rate constraints (21), (22), (51), and (53),
together with the fact that after fixing FB and extracting LB

only JB consumes external common randomness, i.e. RC >
R̃J , Fourier–Motzkin elimination of (R̃F , R̃J , R̃K) gives (4)
and (5).

APPENDIX B
DETAILS FOR THE CONVERSE PROOF

Recall that

W1,i = (Ξ, U i−1, Zi−1, Y i−1, C), W2,i = Y N
′

i+1.

For each i ∈ [1 : N ], the following Markov chains hold:

W1,i ⊥ (Ui, Si), (56)
Xi − (Ui,W1,i)− Si, (57)

(Yi, Zi)− (Xi, Si)− (Ui,W1,i), (58)
Vi − (Yi,W1,i,W2,i)− (Ui, Zi, Xi, Si), (59)

W2,i − (Ui, Zi,W1,i)− (Xi, Si, Yi). (60)

Specifically, (56) holds because (Ui, Si) is independent of the
past variables, the common randomness C, and the encoder
private randomness Ξ. The chain (57) holds since Xi is gener-
ated from (U i, Zi−1, C,Ξ), which is contained in (Ui,W1,i).
The chain (58) holds from the memoryless channel law
P̄Y Z|XS . The chain (59) holds because the decoder generates
V N from (Y N

′
, C), which is contained in (Yi,W1,i,W2,i).

And (60) holds since

I(W2,i;Xi, Si, Yi|Ui, Zi,W1,i)

= I(Y N
′

i+1;Xi, Si, Yi|U i, Zi, Y i−1, C,Ξ)

≤ I(Y N
′

i+1, Z
N ′

i+1;Xi, Si, Yi|U i, Zi, Y i−1, C,Ξ)

=

N ′∑
t=i+1

I(Yt, Zt;Xi, Si, Yi|U i, Zi, Y i−1, C,Ξ, Y t−1
i+1 , Z

t−1
i+1 )

= 0. (61)

It remains to handle the estimator. The estimator is allowed to
use (UN , C,XN ′

, ZN
′
).

By the support lemma [17, Appendix C], we may restrict the
alphabets of W1 and W2 to finite sets of bounded size. Hence
the time-sharing pmfs are defined over a compact simplex.
Moreover, the induced kernels P (N)

Ŝ|XZ
defined below are also

defined over a compact simplex. Therefore, by the Bolzano–
Weierstrass theorem, there exists a subsequence of increasing
blocklengths {Ni} such that P (Ni)

USW1W2XY ZV Ŝ
converges to a

limiting distribution Q̃USW1W2XY ZV Ŝ
, and the corresponding

induced kernels P (Ni)

Ŝ|XZ
converge to some kernel QŜ|XZ .

From the Markov chains proved above, the limiting distri-
bution has the form

Q̃UV SXY ZŜW1W2
=P̄U P̄SQW1QX|UW1

QW2|UZW1

· P̄Y Z|XSQV |YW1W2
Q̃Ŝ|XSZY UVW1W2

,

(62)

with marginals QSŜ and QUV , and satisfying (4) with K
constant.

Define now QŜ|XZS as the conditional marginal of Ŝ given
(X,Z, S) under Q̃. Then

QUV SXY ZŜW1W2
=P̄U P̄SQW1

QX|UW1
QW2|UZW1

· P̄Y Z|XSQV |YW1W2
QŜ|XZS (63)

continues to have marginals QSŜ and QUV , and also satisfies
(4).

It remains to note that QŜ|XZS = QŜ|XZ . For each
blocklength N and time i ∈ [1 : N ],

(UN , C,XN ′

∼i , Z
N ′

∼i , Ŝi)− (Xi, Zi)− Si,

because, given (Xi, Zi), the state Si is conditionally indepen-
dent of the source sequence, the common randomness, and the
remaining channel inputs and feedback symbols; moreover, Ŝi
is generated from these variables. Hence

P
(N)

SiŜiXiZi
= P

(N)

Ŝi|XiZi
P

(N)
SiXiZi

= P
(N)

Ŝi|XiZi
P

(N)
Xi

P̄SP̄Z|XS .

(64)
Averaging over i, and multiplying and dividing by
1
N

∑N
i=1 P

(N)
XiZi

(x, z), define

P
(N)

Ŝ|XZ
(ŝ|x, z) ≜

1
N

∑N
i=1 P

(N)

Ŝi|XiZi
(ŝ|x, z)P (N)

XiZi
(x, z)

1
N

∑N
i=1 P

(N)
XiZi

(x, z)
,

(65)

with arbitrary definition when the denominator is zero. Then

P
(N)

ST ŜTXTZT
= P

(N)
X P̄SP̄Z|XSP

(N)

Ŝ|XZ
, (66)



where P (N)
X (x) = 1

N

∑N
i=1 P

(N)
Xi

(x). Taking the limit along
the subsequence {Ni} gives

Q̃SŜXZ = Q̃X P̄SP̄Z|XSQŜ|XZ = Q̃SXZQŜ|XZ . (67)

Therefore, on the support of Q̃SXZ ,

QŜ|XZS = QŜ|XZ ,

with arbitrary definition on zero-probability points. Substitut-
ing this identity into (63) yields a pmf of the form

QUV SXY ZŜW1W2
=P̄U P̄SQW1

QX|UW1
QW2|UZW1

· P̄Y Z|XSQV |YW1W2
QŜ|XZ , (68)

whose (U, V )- and (S, Ŝ)-marginals are QUV and QSŜ ,
respectively.


