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Abstract—This paper identifies the Stein-exponent of distributed
detection when the sensor communicates to the decision center
over a discrete memoryless channel (DMC) subject to one of
three stringent communication constraints: 1) The number of
channel uses of the DMC grows sublinearly in the number of
source observations n; 2) The number of channel uses is n but a
block-input cost constraint Cn is imposed almost surely and Cn

grows sublinearly in n; 3) The block-input constraint is imposed
only on expectation. We show a dichotomy in the Stein-exponent
in all three scenarios depending on the structure of the DMC’s
transition law. When the DMC is partially-connected (i.e., some
outputs cannot be induced by certain inputs) in all three scenarios
the Stein-exponent matches the exponent identified by Han and by
Shalaby and Papamarcou for the scenario where communication is
of zero-rate but over a noiseless link, while otherwise the exponent
is smaller. Specifically, in scenarios 1) and 2), for fully-connected
DMCs the Stein-exponent collapses to that of a local test at the
decision center, rendering the remote sensor and communication
useless. In scenario 3), the sensor remains beneficial even for
fully-connected DMCs, and the Stein-exponent is larger than the
local exponent at the decision center. Here, the exact value of the
Stein-exponent depends on whether the expectation constraint is
imposed only under the null hypothesis or under both hypotheses.

Index Terms—Hypothesis testing, Stein-exponents, DMC, sub-
linear cost constraint.

I. INTRODUCTION

Consider a distributed binary hypothesis testing problem
where a sensor and a decision center observe correlated sources
and the sensor can transmit information to the decision center
over a channel. The joint distribution of the observations at the
sensor and the decision center depends on a binary hypothesis
H ∈ {0, 1} that should be guessed by the decision center
based on its own observed samples and the outputs of the
channel. The goal is to reduce the error probabilities under
the two hypotheses. In particular, we wish to keep the type-I
error probability (deciding Ĥ = 1 if H = 0) below a given
threshold ε ∈ [0, 1) while driving the type-II error probability
(deciding Ĥ = 0 ifH = 1) to 0 exponentially fast in the number
of observation samples n. This type of asymmetric constraint
is particularly relevant in alert systems, where keeping the
false alarm rate below a certain threshold is sufficient, but
minimizing the missed detection probability is critical. The
largest exponential decay of the type-II error probability in such
an asymmetric setup is known as the Stein-exponent.

This canonical distributed hypothesis testing problem has
been studied in various previous works under different assump-
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Signaux et Systèmes. Email: michele.wigger@centralesupelec.fr.

tions on the communication channel. An important line of work
started in [1] and continued in [2]–[7]; it studied the Stein-
exponent in a communication scenario where the sensor can
send Rn bits to the decision center over an error-free link.
Achievability results were reported, but the exact exponent is
known only for special classes of source distributions. Exten-
sions to network scenarios with multiple sensors and/or decision
centers have been reported since, see [4], [8], [9], as well as
extensions to include security constraints [10]–[15], or to allow
for variable-length coding [16], [17].

A somehow separate line of work [2], [18]–[20] derived
the Stein-exponent of binary distributed hypothesis testing in
a scenario where the number of communication bits from the
sensor to the decision center is either one [2] or sublinear in the
number of observations n [18]. Such a scenario is commonly
referred to as zero-rate communication. The optimal strategy
in both these scenarios is that the decision center decides on
Ĥ = 0 if, and only if, its own local observation and the
sensor’s observations are each marginal-typical according to
the distributions under hypothesis H = 0. Implementing this
strategy requires only that the sensor sends a single bit, namely
the binary outcome of its local typicality test to the decision
center. These zero-rate results have recently also been extended
to the quantum case [21].

While above described results consider error-free communi-
cation channels (except for [15]), in this work, we assume that
communication from the sensor to the decision center takes
place over a discrete memoryless channel (DMC). Distributed
hypothesis testing over a DMC has already been considered in
[22], [23] under the assumption that the DMC can be used
κn times, i.e., the number of channel uses is linear in the
observation length n. The authors in [22] determined the Stein-
exponent for the class of source distributions termed “testing
against conditional independence” and showed that it coincides
with the exponent of a noise-free link of same capacity. The fact
that the DMC is noisy thus does not decrease the Stein-exponent
in these setups. For other source distributions however this is
not the case and the noise in the DMC decreases the Stein-
exponent and mechanisms such as “unequal error protection”
need to be employed to partially mitigate the noise [22], [23].
Similar results were also reported for the MAC [23] and the
BC [24].

Contributions: In this work, we consider distributed hypoth-
esis testing over a DMC and we establish the Stein-exponents
for three communication scenarios: 1) The number of channel
uses of the DMC grows sublinearly in the number of source
observations n. 2) The number of channel uses is n but a block-
input cost constraint Cn is imposed almost surely and Cn is
sublinear in n; 3) The stringent block-input constraint Cn is
imposed only on expectation. Our results reveal a dichotomy



of the Stein-exponent in these setups depending on whether
the DMC is fully- or partially-connected. When the DMC is
partially-connected, it is possible to achieve the same Stein-
exponent as reported in [18] for noiseless channels that can
be used a sublinear (in the observation length n) number of
times. In contrast, when the channel is fully-connected, the
optimal Stein-exponent collapses. While in cases 1) and 2) the
exponent collapses to the local exponent at the decision center
and the sensor is rendered useless, in case 3) the collapse is only
partial and the sensor still helps improving the Stein-exponent.
In this case 3), the Stein-exponent moreover not only depends
on the source distributions but also on the largest error exponent
that can be attained over the DMC when transmitting a binary
symbol. Moreover, it depends on whether the expected cost
constraint is imposed under both hypotheses or only under the
null hypothesis. The single-hypothesis constraint is motivated
by highly critical alarm systems where in case of alarm situation
the consumed power is of no interest.

For the partially-connected case, the converse proof is ob-
tained by proving that the logarithm of the number of different
input sequences that can be transmitted is sublinear in n, and
by noting that any DMC can be simulated on a noiseless link,
implying that the Stein-exponent cannot exceed the exponent
in [18]. For the fully-connected case, the converse proof for
Scenarios 1) and 2), is obtained by means of simple bounding
steps. For Scenario 3, it is obtained through different carefully
chosen change-of-measure arguments as well as an application
of the the blowing-up lemma [25].

The achievability result for partially-connected DMCs (in all
three scenarios) is obtained by adapting the noiseless zero-rate
scheme in [18]. In this scheme, the decision center declares
Ĥ = 0 only when the marginal typicality tests for the distri-
bution under H = 0 are satisfied both at the sensor and at
the decision center. Over a noisy but partially-connected DMC,
this decision strategy can be implemented by having the sensor
send k′ (a number that is sublinear in n) times symbol x′ if
its own marginal typicality check is successful and k′ times a
different symbol x′ otherwise, where x and x′ are chosen so
that a certain output y∗ is never reached by input x but by
input x′. On the remaining time the sensor sends a zero-cost
symbol. The decision center then only declares Ĥ = 0 if it
observes at least one output y∗ and its local typicality check is
satisfied. This way, the type-II error is not increased compared
to the noiseless link scenario. Moreover, for increasing k →∞
the type-I error vanishes as for noise-free communication. For
finite number of channel uses k the strategy remains applicable
if the tolerated type-I error probability is sufficiently large.

For fully-connected DMCs, in Scenario 3 the sensor can
still send codewords with large costs, albeit this can happen
only with very small probabilities. We can therefore employ
the previously described scheme with the marginal typicality
checks where the sensor sends the zero-cost symbol over the
entire blocklength n in case its own marginal typicality test
succeeds, and otherwise it sends any other symbol x. Since
the sensor’s marginal typicality test fails with exponentially
vanishing probability, this strategy will not violate the expected
cost constraint. It however achieves a strictly better exponent
than the local test at the decision center. When the expected
cost constraint is also imposed under H = 1, then the sensor
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Fig. 1: Distributed Hypothesis testing with a sublinear number
of channel uses.

also needs to send the zero-cost symbol when its observation
is marginal-typical according to the distribution under H = 1,
and otherwise it suffices to send it when it is typical according
to the distribution under H = 0.

A special case of our Scenario 1 was already considered in
[26], where only the sensor observed data but not the decision
center. Our proof technique in this special case differs from
the one proposed in [26]. In particular, our converse proof in
the fully-connected case is simpler and only employs basic
bounding steps, while the converse in [26] requires the blowing-
up lemma. Notice however that the proof and results in [26]
also characterize the Stein-exponent under traditional assump-
tions on the communication, i.e., without cost constraints and
when the number of channel uses is linear in the number of
observations.

Notation: We mostly follow standard notation. In particular,
random variables are denoted by upper case letters (e.g., X),
while their realizations are denoted by lowercase (e.g. x). We
abbreviate (x1, . . . , xn) by xn. We use the function wH(·) to
indicate the Hamming weight. We abbreviate independent and
identically distributed as i.i.d. and probability mass function as
pmf. Also, we denote by πunvn the joint type of the sequences
(un, vn):

πunvn(a, b) ,
|{i : (ui, vi) = (a, b)}|

n
, (a, b) ∈ U × V, (1)

and πun(a) the corresponding marginal type of the un se-
quence. We use T (n)

µ (PU ) to denote the jointly strongly-typical
set as in [27, Definition 2.9], i.e., the set of all sequences
un with type πun satisfying πun(a) = 0 if PU (a) = 0 and
|πun(a)−PU (a)| ≤ µ, otherwise. We also use Landau notation
o(1) to indicate any function that tends to 0 for blocklengths
n→∞.

II. SETUP AND RESULTS

A. Problem Setup

Consider the distributed hypothesis testing problem in Fig-
ure 1 where for a given blocklength n, a sensor observes a
sequence Un and communicates to a decision center with local
observations V n. The distribution of the observations (Un, V n)
depends on a binary hypothesis H ∈ {0, 1}:

if H = 0: (Un, V n) i.i.d. ∼ PUV ; (2a)
if H = 1: (Un, V n) i.i.d. ∼ QUV , (2b)

for given pmfs PUV and QUV over the product alphabet U×V ,
where we assume that QUV (u, v) > 0 for all (u, v) ∈ U × V .
Let PU and PV denote the marginal pmfs of PUV . Similarly
to the results in [18], we assume that the support of PUV is
included in the support of QUV .



Communication from the sensor to the decision center takes
place over k(n) uses of a discrete memoryless channel DMC
with finite input and output alphabets X and Y and transition
law ΓY |X . For ease of notation we will also write k instead of
k(n).

The encoder and decoder are thus formalized by two func-
tions f (n) and g(n) on appropriate domains, where f (n) de-
scribes how observations Un are mapped to channel inputs Xk:

Xk = f (n)(Un) ∈ X k, (3)

and g(n) describes how channel outputs Y k and observations
V n are used to generate the decision Ĥ:

Ĥ = g(n)(V n, Y k) ∈ {0, 1}. (4)

The goal is to design encoding and decision functions such
that the type-I (false alarm) error probability

αn , Pr
[
Ĥ = 1|H = 0

]
(5)

stays below given threshold ε > 0 and the type-II (miss-
detection) error probability

βn , Pr
[
Ĥ = 0|H = 1

]
(6)

decays to 0 with largest possible exponential decay.
Definition 1: Given ε ∈ [0, 1), a miss-detection error expo-

nent θ > 0 is called ε-achievable if there exists a sequence of
encoding and decision functions {(f (n), g(n))}∞n=1 satisfying:

lim
n→∞

αn ≤ ε (7a)

lim
n→∞

− 1

n
log βn ≥ θ. (7b)

The supremum over all ε-achievable miss-detection error expo-
nents θ is denoted θ?(ε) and called the Stein-exponent.

We will consider three different communication scenarios,
that we explain in the following three subsections:

1) Scenario 1: Sublinear number of channel uses: The
number of channel uses grows sublinearly in n:

lim
n→∞

k(n) =∞ (8a)

lim
n→∞

k(n)

n
= 0. (8b)

2) Scenario 2: Sublinear Costs: The channel can be used n
times, i.e.,

k = n (9)

but a stringent cost constraint is imposed.
Given a bounded and nonnegative cost function c(·) : X →

R+
0 , for which there exists a unique zero-symbol:

0 ∈ X (10)
c(x) = 0 if, and only if, x = 0. (11)

The stringent cost constraint is described by condition
n∑
i=1

c(Xi) ≤ Cn, with prob. 1, (12)

for a given sequence {Cn} that grows sublinearly in n:

lim
n→∞

Cn =∞ (13a)

lim
n→∞

Cn
n

= 0. (13b)

The Stein-exponent for this scenario is denoted
θ?str-cost(ε, {Cn}).

3) Scenario 3: Sublinear Expected Costs: Reconsider the
same setup and definitions from the previous subsection, but
where the almost-sure cost constraint (12) is replaced by an
expected cost constraint:

n∑
i=1

E[c(Xi)|H = H] ≤ Cn. (14)

We shall impose above expected cost constraint either
under both hypotheses or only under the null hypothe-
sis H = 0. In the former case the Stein-exponent is
denoted θ?Exp-cost, both(ε, {Cn}), and in the latter case by
θ?Exp-cost,H=0(ε, {Cn}).

B. Results

We determine the Stein-exponent for all the introduced
scenarios. Our results show a dichotomy of this exponent
depending on the connectivity of the channel. We therefore
make the following definition.

Definition 2: A DMC ΓY |X is said partially-connected if
there exist two inputs x, x′ ∈ X and an output y∗ ∈ Y satisfying
the two conditions:

ΓY |X(y∗|x′) > 0 (15a)
ΓY |X(y∗|x) = 0. (15b)

Otherwise it is said fully-connected.
To express our results in this section, we define the following

three exponents:

E1 , min
πUV :
πU=PU
πV =PV

D(πUV ‖QUV ) (16a)

E2 , D(PV ‖QV ) + max
x̂∈X\{0}

D(ΓY |X=0‖ΓY |X=x̂) (16b)

E3 , min
πUV :
πU=QU
πV =PV

D(πUV ‖QUV ), (16c)

where notice that the difference between E1 and E3 only lies in
the minimization constraints πU = PU or πU = QU . Moreover,
E1 is the Stein-exponent of a distributed hypothesis testing
setup where communication is over a noise-free communication
link that can be used a sublinear number of times [18].

The following theorem shows that for partially-connected
channels, in all three scenarios the Stein-exponent θ?(ε) co-
incides with the Stein-exponent when communication takes
place over a noise-free channel that can be used a sublinear
number of times [18]. For fully-connected DMCs, the Stein-
exponent collapses to the exponent of the local test at the
decision center in Scenarios 1 and 2, and is thus obtained by a
simple test at the decision center without any communication.
In these scenarios, fully-connected DMCs are thus not useful
in terms of Stein-exponent. In Scenario 3, fully-connected
DMCs are still useful and improve the Stein-exponent over the
local test at the decision center. Our results further show that
imposing the expected cost constraint under both hypotheses



is more stringent compared to imposing it only under the null
hypothesis whenever PU 6= QU .

Theorem 1: Fix ε ∈ [0, 1) and let {Cn} be any sequence of
sublinear cost constraints satisfying (13). Then:

1) For partially-connected DMCs ΓY |X :

θ?sublin(ε) = θ?str-cost(ε, {Cn})
= θ?Exp-cost,H=0(ε, {Cn}) = θ?Exp-cost, both(ε, {Cn}) = E1.

(17a)

2) For fully-connected DMCs ΓY |X :

θ?sublin(ε) = θ?str-cost(ε, {Cn}) = D(PV ‖QV ), (18)

and

θ?Exp-cost,H=0(ε, {Cn}) = min
{
E1, E2

}
, (19)

θ?Exp-cost,both(ε, {Cn}) = min
{
E1, E2, E3

}
. (20)

Proof: Achievability of (17) can be proved based on the
following scheme. Fix a small number µ > 0 and let x, x′, y∗

be so that Condition (15) is satisfied. Also, in Scenario 1, let
k′ = k(n), and in Scenario 2, let k′ = Cn

minx 6=0 c(x) , which by
Assumptions (13) grows sublinearly in n.
Sensor: If Un ∈ T (n)

µ (PU ), send Xk′ = x′k
′
. Otherwise, send

Xk′ = xk
′
. For Scenarios 2 and 3, send the zero-cost symbol

0 during the remaining channel uses k′ + 1, . . . , n.
Decision Center: If at least one of the channel outputs among
yk

′
is y∗ and if V n ∈ T (n)

µ (PV ), then declare Ĥ = 0.
Otherwise, declare Ĥ = 1. The analysis of this scheme in
Appendix A concludes the achievability proof of (17).

The converse to (17) for θ?sublin(ε) follows directly from
[18]. In fact, [18] shows that E1 is the Stein-exponent over a
noiseless link, and any DMC can be simulated over a noiseless
link. To prove the converse to (17) for the other exponents,
we first show that (with high probability) the weight of the
input sequence grows only sublinearly in n and thus the number
of possible input sequences grows only subexponentially in n.
Subsequently, then the result in [18] can be invoked. Details of
these proofs are provided in Appendix B.

Achievability of (18) can be proved via a local test at the
decision center, without any communication. The converse to
(18) is proved in Appendix C.

Achievability and converse proofs for (19) are presented in
Appendices D and E, respectively. Achievability is based on a
similar scheme as described above. The sensor sends the all-0
sequence when its observation is typical according to PU (and
also when it is typical according to QU in case the expected
cost constraint is imposed also under H = 1) but it sends only
non-zero inputs for all other observations. The decision center
decides on Ĥ = 0 only when the channel output sequence
yn is typical according to ΓY |X=0 and its own observation
vn is typical according to PV . Notice that in this scheme, the
probability of not sending the all-0 sequence is exponentially-
vanishing in the blocklength n, and the inputs thus satisfy the
expected cost constraints.

Remark 1: The two exponents θ?Exp-cost,H=0(ε, {Cn}) and
θ?Exp-cost, both(ε, {Cn}) coincide when PV = QV , because then
E1 = E3. In our numerical simulations with randomly chosen
PUV and QUV , for U and V ternary, the exponent E1 was

always strictly larger than E3 and thus for DMCs that are
not too noisy (in the sense that E2 is not too small) we
observed θ?Exp-cost,H=0(ε, {Cn}) > θ?Exp-cost, both(ε, {Cn}) with a
strict inequality. See also our Example 1 ahead.

Remark 2 (Finite Values of k): The above theorem for
θ?sublin(ε) holds under the assumption that k → ∞. The result
for fully-connected channels trivially remains valid even for
finite values of k. For partially-connected channels, trivially
again, the converse remains valid for finite k. By inspecting
the proof in Appendix A, we see that achievability continues
to hold for finite k when the allowed type-I error probability
ε ≥ (1− ΓY |X(y∗|x′))k.

Remark 3: Inspecting the proof, one remakrs that Result (18)
holds also when the support of PUV is not included in the
support of QUV .

Corollary 2 (When communication never helps): Consider
pmfs PUV and QUV satisfying∑

v

PV (v)QU |V (u|v) = PU (u), ∀u ∈ U . (21)

Then, for any ε ∈ [0, 1), and irrespective of the DMC ΓY |X :

θ?sublin(ε) = θ?str-cost(ε, {Cn}) = θ?Exp-cost,H=0(ε, {Cn})
= θ?Exp-cost, both(ε, {Cn}) = D(PV ‖QV ). (22)

In particular, for testing against independence (QUV =
PU · PV ) the Stein-exponent is zero in all three scenarios. The
following-up work [28] characterized the optimal scaling of the
type-II error probability for our Scenario 1, which decreases
exponentially in k.

Inspecting the proof of the corollary, we can in fact conclude
that the dichotomy observed in Theorem 1 disappears for all
three scenarios, i.e., irrespective of the employed DMC (sub-
linear) communication does not improve the Stein-exponent, if,
and only if, Condition (21) is satisfied.

Proof: Observe that under Condition (21):

E1 = min
πUV :
πU=PU
πV =PV

D(πUV ‖QUV ) (23)

= D(PV ‖QV ) + min
πV |U :
πV =PV

EPV [D(πU |V ‖QU |V )] (24)

≥ D(PV ‖QV ), (25)

where the inequality holds with equality if, and only if, πU |V =
QU |V is a permissible choice in the minimization. (This is the
case if, and only if, Condition (21) holds.) Since all exponents
in (22) are lower bounded D(PV ‖QV ) and upper bounded by
E1, this proves the corollary.

Example 1: Let the source distributions be

PUV =

0.065 0.145 0.090
0.010 0.080 0.110
0.025 0.075 0.400

 (26)

and

QUV =

0.057803 0.115607 0.138728
0.184971 0.069364 0.115607
0.173410 0.063584 0.080925

 , (27)

and let ΓY |X be a binary symmetric channel BSC(p).
Figure 2 illustrates the exponents θ?sublin(ε), θ?str-cost(ε, {Cn}),

θ?Exp-cost,H=0(ε, {Cn}), and θ?Exp-cost, both(ε, {Cn}) in function of



the BSC cross-over probability p ∈ [0, 35, 0, 65]. The expo-
nents are also compared to their counterparts over a partially-
connect DMC. (Recall that all exponents coincide for partially-
connected DMCs and they do not depend on the exact channel
law ΓY |X .) We observe that when the BSC is not too noisy,
the exponent θ?Exp-cost,H=0(ε, {Cn}) can reach the same error
exponent as over a partially-connected DMC. This is not the
case for θ?Exp-cost,H=0(ε, {Cn}), which saturates at a lower value.
The exponents θ?sublin(ε) and θ?str-cost(ε, {Cn}) are generally even
lower and do not depend on the BSC crossover probability p.
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Fig. 2: Error exponents over a BSC(p) in function of the
crossover parameter p. The exponents are also compared to
their counterparts over a partially-connected DMC.

III. SUMMARY

This article presents a dichotomy in distributed detection
under zero-rate and highly resource-limited communication
over discrete memoryless channels (DMCs), based on the struc-
ture of the channel’s transition law. When the DMC is fully-
connected (i.e., every output symbol can be induced by any
input with positive probability), the maximum achievable Stein-
exponent (largest type-II error exponent) collapses compared
to cases where the channel is not fully-connected, i.e. only
partially-connected.

In the partially-connected case, we showed that the Stein-
exponent matches that of a zero-rate noiseless link, in all three
communication settings that we consider: 1) the number of
channel uses of the DMC is sublinear in the observation length
n; 2) the number of channel uses is n but a block-input cost
constraint Cn is imposed with probability 1 and Cn is sublinear
in n; 3) the block-input constraint Cn is imposed only on
expectation over the source observations.

In contrast, when the DMC is fully-connected, then we
showed for cases 1) and 2) that the Stein-exponent degrades
to that of a purely local test. In these cases, the remote sensor
provides no benefit and the decision center should rely only
on its own observations. Situation improves in case 3), where
communication from the sensor can improve performance and
the decision center should base its decision on both its lo-
cal observations and the outputs of the DMC. The optimal
strategy for the sensor is to transmit zero symbols for typical
source observations and non-zero symbols for atypical ones.
We distinghuished two subcases of 3), where the expected cost
constraint is either imposed under both hypotheses or just under

H = 0. We determined the Stein-exponent for both subcases,
and showed that they differ in general, except when the local
observations at the sensor follow the same distributions under
both marginals.

APPENDIX A
ACHIEVABILITY PROOF OF EQUATION (17)

(PARTIALLY-CONNECTED DMCS)

We analyze the coding scheme proposed in Section II-B.
Define γx′ , ΓY |X(y∗|x′).

Analysis of αn:

1− αn
= Pr

[
Ĥ = 0|H = 0

]
(28)

= Pr
[
∃i ∈ {1, . . . , k′} : Yi = y∗ and V n ∈ T (n)

µ (PV )|H = 0
]

(29)
(a)
= Pr

[
∃i ∈ {1, . . . , k′} : Yi = y∗ and V n ∈ T (n)

µ (PV ) and

Xk′ = x′k
′

and Un ∈ T (n)
µ (PU )

∣∣H = 0
]

(30)

= Pr
[
V n ∈ T (n)

µ (PV ) and Un ∈ T (n)
µ (PU )|H = 0

]
·Pr

[
Xk′ = x′k

′ |Un ∈ T (n)
µ (PU )

]︸ ︷︷ ︸
=1

·Pr
[
∃i ∈ {1, . . . , k′} : Yi = y∗|Xk′ = x′k

′
,H = 0

]
(31)

= Pr
[
V n ∈ T (n)

µ (PV ) and Un ∈ T (n)
µ (PU )|H = 0

]
·(1− (1− γx′)k

′
), (32)

where (a) holds because the output symbol y∗ can occur from
input x′ but not from input x and because input Xk = x′k is
sent only if Un ∈ T (n)

µ (PU ).
Since γx′ lies in the half-open interval (0, 1], we have (1−

γx′)k
′

that tends to 0 as n → ∞. Moreover, by the weak law
of large numbers, irrespective of µ > 0:

lim
n→∞

Pr
[
V n ∈ T (n)

µ (PV ) and Un ∈ T (n)
µ (PU )

∣∣H = 0
]

= 1.

(33)

Plugging these limits into (32), we can conclude that the type-I
error probability of our scheme vanishes:

lim
n→∞

αn = 0. (34)

Analysis of βn and θ: Similarly to above, we have:

βn = Pr
[
Ĥ = 0|H = 1

]
(35)

= Pr
[
∃i ∈ {1, . . . , k′} : Yi = y∗ and V n ∈ T (n)

µ (PV )

and Xk = x′k and Un ∈ T (n)
µ (PU )|H = 1

]
(36)

= Pr
[
V n ∈ T (n)

µ (PV ) and Un ∈ T (n)
µ (PU )|H = 1

]
·Pr

[
Xk′ = x′k

′ |Un ∈ T (n)
µ (PU )

]︸ ︷︷ ︸
=1

·Pr
[
∃i ∈ {1, . . . , k′} : Yi = y∗|Xk′ = x′k

′ |H = 1
]

(37)

≤ Pr
[
V n ∈ T (n)

µ (PV ) and Un ∈ T (n)
µ (PU )|H = 1

]
(38)

≤ (n+ 1)|U||V|2−nminD(πUV ‖QUV ) (39)

We can conclude that

lim
n→∞

− 1

n
log βn ≥ minD(πUV ‖QUV ), (40)



where the minimum is now over all pmfs πUV ∈ P(U × V)
with marginals satisfying |πU (u)− PU (u)| ≤ µ and |πV (u)−
PV (u)| ≤ µ. Picking µ > 0 sufficiently small, all type-II error
exponents smaller than the right-hand side of (17) can be shown
to be achievable.

APPENDIX B
CONVERSE PROOF TO EQUATION (17) UNDER STRINGENT

COST CONSTRAINTS
(PARTIALLY-CONNECTED DMCS)

We start by proving the converse to (17) under Scenario 2
with stringent cost constraints. Define

k′(n) ,
Cn
cmin

, (41)

where cmin denotes the minimum cost of any non-zero input:

cmin , min
x 6=0

c(x) (42)

with cmin > 0. Notice that k′(n) bounds the number of non-
zero symbols in each possible input sequence xn. The channel
input sequence Xn thus lies with probability 1 in the set of all
low-weight inputs

X̃n , {xn ∈ Xn : wH(xn) ≤ k′(n)}. (43)

We show in the following that the cardinality of X̃n grows
sublinearly in n, which immediately establishes the converse
result to (17) because the type-II error exponent in this setup
cannot exceed the type-II error exponent in the setup of [18]
where communication consists in sending a sublinear number
of noiseless bits.

To see that the cardinality of X̃n grows sublinearly in n,
notice that this set can be described as the union over all type-
classes (i.e., sets of sequences with same type) for types that
assign frequency larger or equal to 1− k′(n)

n to the 0 symbol.
Since the type-class for type π is of size at most 2nH(π) and
the number of type-classes is bounded by (n+ 1)|X |, we have:∣∣X̃n∣∣ ≤ (n+ 1)|X |2nmaxπ H(π), (44)

where the maximum is over all types π with π(0) ≥ 1− k′(n)
n .

Since k′(n) grows sublinearly in n and by the continuity of the
entropy functional, we obtain

lim
n→∞

1

n
log
∣∣X̃n∣∣

≤ lim
n→∞

 |X |
n

log(n+ 1) + max
π :

π(0)≥1− k
′(n)
n

H(π)

 = 0. (45)

This concludes the converse proof for Scenario 2.
To prove the converse to (17) in Scenario 3, define k′(n) an

increasing function of positive integers satisfying:

lim
n→∞

k′(n)

Cn
=∞ (46a)

lim
n→∞

k′(n)

n
= 0, (46b)

and the corresponding set of low-weight inputs:

X̃n , {xn ∈ Xn : wH(xn) ≤ k′(n)}, (47)

Under expected resource constraints, we have:

Cn ≥
n∑
i=1

E[c(Xi)|H = 0] (48)

≥ cmin · E[wH(Xn)|H = 0] (49)
≥ cmin · k′(n) · Pr[Xn /∈ X̃n|H = 0], (50)

where cmin = minx 6=0 c(x) > 0. Then, the following simple
bound holds:

Pr[Xn /∈ X̃ |H = 0] ≤ Cn
cmin · k′(n)

. (51)

By our assumptions on k′(n) in (46), the set X̃ thus occurs
asymptotically with probability 1:

lim
n→∞

Pr
[
Xn /∈ X̃n

∣∣∣H = 0
]

= 0. (52)

Repeating the arguments above (Equations (44)–(45)), one can
show that also for this new set X̃n it holds that:

lim
n→∞

1

n
log
∣∣X̃n∣∣ = 0 (53)

The desired converse proof is then obtained by restricting to
the set X̃n and invoking the result and steps in [18]. In more
detail, one can follow the steps after (36) until (65) in [15]
specialized to a constant S.

APPENDIX C
CONVERSE PROOF TO EQUATION (18)

(FULLY-CONNECTED DMC, SUBLINEAR k OR STRINGENT
COST CONSTRAINTS)

Even though the converse to θ?str-cost(ε, {Cn}) directly implies
a converse for θ?sublin(ε), we find it instructive to present
converse proofs for both scenarios.

A. Converse proof for θ?sublin(ε)

We fix a sequence of encoding and decision functions
{f (n), g(n)}∞n=1 such that limn→∞ αn ≤ ε. To analyze the
type-II error probability of such a scheme, we introduce the
notions of acceptance regions:

AV (yk) , {vn ∈ Vn : g(n)(vn, yk) = 0}, yk ∈ Yk, (54)

and
AV ,

⋃
yk∈Yk

AV (yk). (55)

We can then write the miss-detection error probability as:

βn

= Pr
[
Ĥ = 0|H = 1

]
(56)

=
∑
yk

Pr
[
Y k = yk, V n ∈ AV (yk)|H = 1

]
(57)

=
∑
yk

∑
vn∈AV (yk)

∑
un

Pr
[
Y k = yk, V n = vn, Un = un|H = 1

]
(58)

=
∑
yk

∑
vn∈AV (yk)

∑
un

Pr [V n = vn, Un = un|H = 1]

·Pr
[
Y k = yk|Un = un

]
. (59)



We continue to bound the second probability, by noticing that

Pr
[
Y k = yk|Un = un

]
≥ γkmin, (60)

where we define

γmin , min
x,y

ΓY |X(y|x), (61)

which is strictly positive by assumption. Thus:

βn

≥ γkmin

∑
yk

∑
vn∈AV (yk)

∑
un

Pr [V n = vn, Un = un|H = 1] (62)

= γkmin

∑
yk

∑
vn∈AV (yk)

Pr [V n = vn|H = 1] (63)

≥ γkmin · Pr[V n ∈ AV |H = 1]. (64)

Since k grows sublinearly in n, we obtain that the type-II error
probability of the chosen encoding and decision functions is
bounded by

lim
n→∞

− 1

n
log βn ≤ lim

n→∞
− 1

n
log Pr[V n ∈ AV |H = 1], (65)

and thus is bounded by the type-II error exponent of a local
test at the decision center with acceptance region AV .

Notice next that under H = 0, the V n sequence falls in AV
with probability at least

Pr[V n ∈ AV |H = 0] ≥ Pr[V n ∈ AV (Y k)|H = 0] = 1− αn,
(66)

and thus, by assumption, the type-I error probability of the local
test on V n with acceptance region AV satisfies

lim
n→∞

Pr[V n /∈ AV |H = 0] ≤ ε < 1. (67)

We can now invoke the standard Stein lemma, which states that
the type-II error probability of any local test on V n with type-I
error probability bounded away from 1 satisfies

lim
n→∞

− 1

n
log Pr[V n ∈ AV |H = 1] ≤ D(PV ‖QV ), (68)

which concludes the proof.

B. Converse proof for θ?str-cost(ε, {Cn})
We reuse the notations

k′(n) ,
Cn
cmin

, (69)

and
X̃n , {xn ∈ Xn : wH(xn) ≤ k′(n)}, (70)

and recall that in Scenario 2 all transmitted input sequences xn

lie in X̃n. Therefore, for any two input sequences xn1 , x
n
2 ∈ X̃n

and any output sequence yn ∈ Yn we have:

γ
2k′(n)
Q ≤ Pr [Y n = yn|Xn = xn1 ]

Pr [Y n = yn|Xn = xn2 ]
≤ γ−2k′(n)

Q , (71)

where

γQ , min
x1,x2,y :
x1 6=x2

ΓY |X(y|x1)

ΓY |X(y|x2)
∈ (0, 1]. (72)

Trivially, this implies also the bounds:

γ
2k′(n)
Q ≤ Pr [Y n = yn|Un = un1 ]

Pr [Y n = yn|Un = un2 ]
≤ γ−2k′(n)

Q , (73)

Y n
<latexit sha1_base64="rW5tEujeh7sqqVxfjbj7iUAurFc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xysPASmaHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp7uFRdoslt+zOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+pd+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0mjUvbOypXb81L1KosjD0dwDKfgwQVU4QZqUAcGA3iGV3hzhPPivDsf89ack80cwh84nz84s43B</latexit>

V n
<latexit sha1_base64="fJgiabYX3q0P0NkfRDfLD+4fV4I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2ls120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrpvvmoeqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gA0IY2+</latexit>

Decision
Center

<latexit sha1_base64="kVkLiD6PRx4QMjrqMwv5GSeq1r0=">AAACFnicbVDLSgMxFM3UV62vUZdugkVw0zJTEV0W68JlBfuAzlAy6W0bmswMSUYoQ7/Cjb/ixoUibsWdf2OmLaKtBwKHc87l5p4g5kxpx/myciura+sb+c3C1vbO7p69f9BUUSIpNGjEI9kOiALOQmhopjm0YwlEBBxawaiW+a17kIpF4Z0ex+ALMghZn1GijdS1S9gbqphQSEvnQkyugbIsiz3vx8h0XINQg+zaRafsTIGXiTsnRTRHvWt/er2IJsJMU06U6rhOrP2USM0oh0nBSxSYJSMygI6hIRGg/HR61gSfGKWH+5E0L9R4qv6eSIlQaiwCkxRED9Wil4n/eZ1E9y/9lIVxoiGks0X9hGMd4awj3GMSqOZjQwiVzPwV0yGRhJoKVMGU4C6evEyalbJ7Vq7cVorVq3kdeXSEjtEpctEFqqIbVEcNRNEDekIv6NV6tJ6tN+t9Fs1Z85lD9AfWxzerip8R</latexit>

Ĥ
<latexit sha1_base64="w8vlduPY9OyX2JWiaHRfuaYF6NM=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclaQKuiy66bKCfUAbys100g6dTMLMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjx5wp7Tjf1tr6xubWdmmnvLu3f3BoV446KkokoW0S8Uj2fFCUM0HbmmlOe7GkEPqcdv3pbe53H6hULBL3ehZTL4SxYAEjoI00tCuDCeh0EIKeEOBpM8uGdtWpOXPgVeIWpIoKtIb212AUkSSkQhMOSvVdJ9ZeClIzwmlWHiSKxkCmMKZ9QwWEVHnpPHqGz4wywkEkzRMaz9XfGymESs1C30zmGdWyl4v/ef1EB9deykScaCrI4lCQcKwjnPeAR0xSovnMECCSmayYTEAC0aatsinBXf7yKunUa+5FrX53WW3cFHWU0Ak6RefIRVeogZqohdqIoEf0jF7Rm/VkvVjv1sdidM0qdo7RH1ifP9dzlGA=</latexit>

Channel
PY n|V n,H=0

<latexit sha1_base64="aSmz6q2fKz6NDWeZBHXUq+AlwbI="></latexit>

Fig. 3: Derived binary hypothesis test with channel PY n|V n,H=0

used under both hypotheses.

for any two source sequences un1 , u
n
2 ∈ Un and output sequence

yn ∈ Yn, and in particular for any two measures R and R′ on
Un:

ER [Pr [Y n = yn|Un]]

≥ γ2k′(n)
Q ER′ [Pr [Y n = yn|Un]] . (74)

Define the acceptance regions

AV (yn) , {vn ∈ Vn : g(n)(vn, yn) = 0}, yn ∈ Yn. (75)

Similarly to the converse proof to (18)—but where yk needs to
be replaced by yn—we have:

βn =
∑
yn

∑
vn∈AV (yn)

Pr [V n = vn|H = 1]

·Pr [Y n = yn|V n = vn,H = 1] (76)

(a)

≥
∑
yn

∑
vn∈AV (yn)

Pr [V n = vn|H = 1]

·Pr [Y n = yn|V n = vn,H = 0] γ
2k′(n)
Q , (77)

where Inequality (a) holds by Inequality (74)
because both Pr [Y n = yn|V n = vn,H = 1] and
Pr [Y n = yn|V n = vn,H = 0] are expectations of the
probabilities Pr [Y n = yn|Un] with respect to the two
measures P⊗nU |V and Q⊗nU |V .

By assumption,

lim
n→∞

− 1

n
log γ

2k′(n)
Q = 0, (78)

and thus

lim
n→∞

− 1

n
log βn

≤ lim
n→∞

− 1

n
log
∑
yn

∑
vn∈AV (yn)

Pr [V n = vn|H = 1]

·Pr [Y n = yn|V n = vn,H = 0] . (79)

Notice however that the right-hand side of the above equa-
tion corresponds to the miss-detection error exponent of a
local detection problem of the form in Figure 3, where the
decision center observes V n, which is i.i.d. according to
PV or QV depending on the two hypotheses, and the out-
come Y n, which is generated from V n according to the law
Pr [Y n = yn|V n = vn,H = 0] irrespective of the hypothesis.
This hypothesis testing problem is however a special case of
a randomized decision rule for a binary hypothesis test with
observation V n. Moreover, we know that under H = 0 for the
randomized acceptance region AV (Y n):

1− αn ,
∑
yn

∑
vn∈AV (yn)

Pr [V n = vn|H = 0]



·Pr [Y n = yn|V n = vn,H = 0] , (80)

which by assumption is bounded from below by 1− ε > 0. By
standard Stein-exponent arguments, we can thus deduce that
the Limit on the right-hand side of (79) is bounded above by
D(PV ‖QV ), which concludes the proof.

APPENDIX D
ACHIEVABILITY PROOFS FOR EQUATIONS (19) AND (20)

(FULLY-CONNECTED DMC, EXPECTED COST
CONSTRAINTS)

A. Achievability Proof for Equation (19)

Consider the following scheme. Let x̂ be the maximizer in
(16b) and define

µn ,

√
|U|c(x̂)

4Cn
. (81)

Notice that by Assumptions (13):

lim
n→∞

µn = 0 (82a)

lim
n→∞

µ2
nn =∞. (82b)

Sensor: If Un ∈ Tµn(PU ), send Xn = 0n. Else, send Xn = x̂n.

Decision Center: If Y n ∈ T (n)
µn (ΓY |X(·|x = 0)) and V n ∈

T (n)
µ (PV ), declare Ĥ = 0. Otherwise, declare Ĥ = 1.

Analysis of cost constraint: The expected cost is:
n∑
i=1

E[c(Xi)|H = 0] = Pr[Un /∈ T (n)
µn (PU )|H = 0] · nc(x̂)

(83)

≤ |U|
4µ2

nn
nc(x̂) = Cn, (84)

where in the inequality we used the well-known inequality on
the probability of the typical set from [27, Remark to Lemma
2.12].
Analysis of αn: We have:

1− αn
= Pr

[
Ĥ = 0|H = 0

]
(85)

= Pr
[
Y n ∈ T (n)

µn (ΓY |X(·|0)) and V n ∈ T (n)
µ (PV )|H = 0

]
(86)

≥ Pr
[
Y n ∈ T (n)

µn (ΓY |X(·|0)) and

Un ∈ T (n)
µn (PU ) and V n ∈ T (n)

µ (PV )|H = 0
]

(87)

= Pr[Y n ∈ T (n)
µn (ΓY |X(·|0))|Xn = 0n]

·Pr
[
Un ∈ T (n)

µn (PU ) and V n ∈ T (n)
µn (PV )|H = 0

]
. (88)

Notice that by the weak law of large numbers and because the
sequence µn satisfies (82), both probabilities in (88) tend to 1
and thus

lim
n→∞

αn = 0. (89)

Analysis of βn and θ: Similarly to above, we have:

βn = Pr
[
Ĥ = 0|H = 1

]
(90)

= Pr
[
Y n ∈ T (n)

µn (ΓY |X(·|0)) and

Un ∈ T (n)
µn (PU ) and V n ∈ T (n)

µn (PV )
∣∣ H = 1

]
+ Pr

[
Y n ∈ T (n)

µn (ΓY |X(·|0)) and

Un /∈ T (n)
µn (PU ) and V n ∈ T (n)

µn (PV )
∣∣ H = 1

]
(91)

≤ Pr
[
Un ∈ T (n)

µn (PU ) and V n ∈ T (n)
µn (PV )

∣∣ H = 1
]

+ Pr
[
Y n ∈ T (n)

µn (ΓY |X(·|0))
∣∣ Xn = x̂n

]
·Pr

[
V n ∈ T (n)

µn (PV )|H = 1
]

(92)

≤ (n+ 1)|U||V|2−nminD(πUV ‖QUV )

+(n+ 1)|Y|2−nminD(πY ‖ΓY |X=x̂)

·(n+ 1)|V|2−nminD(πV ‖QV ), (93)

where the three minima are over types πUV , πY , and πV
satisfying the respective typicality constraints. We next notice
that since µn → 0 as n → ∞, the following limits hold as
n→∞:

lim
n→∞

minD(πY ‖ΓY |X=x̂) = D(ΓY |X=0‖ΓY |X=x̂) (94)

lim
n→∞

minD(πV ‖QV ) = D(PV ‖QV ) (95)

lim
n→∞

minD(πUV ‖QUV ) = E1. (96)

We can thus conclude that for the proposed scheme:

lim
n→∞

− 1

n
log βn ≥ min{E1, E2}. (97)

B. Achievability Proof for Equation (20)
The scheme is similar to the scheme in the previous section,

except that the sensor also sends Xn = 0n when Un ∈
T (n)
µn (QU ).

Analysis of cost constraint: The expected cost under hypothesis
H = 0 satisfies
n∑
i=1

E[c(Xi)|H = 0] ≤ Pr[Un /∈ T (n)
µn (PU )|H = 0] · nc(x̂) (98)

≤ |U|
4µ2

nn
nc(x̂) = Cn, (99)

and similarly, under H = 1:
n∑
i=1

E[c(Xi)|H = 1] ≤ Pr[Un /∈ T (n)
µn (QU )|H = 1] · nc(x̂) (100)

≤ |U|
4µ2

nn
nc(x̂) = Cn, (101)

Analysis of αn: One can follow exactly the same analysis steps
(85)–(88) as in the previous section.
Analysis of βn: We have:

βn

= Pr
[
Ĥ = 0|H = 1

]
(102)

= Pr
[
Y n ∈ T (n)

µn (ΓY |X(·|0)) and V n ∈ T (n)
µ (PV )

and Un ∈ T (n)
µn (PU )|H = 1

]
+ Pr

[
Y n ∈ T (n)

µn (ΓY |X(·|0)) and V n ∈ T (n)
µ (PV )

and Un ∈ T (n)
µn (QU )|H = 1

]



+ Pr
[
Y n ∈ T (n)

µn (ΓY |X(·|0)) and V n ∈ T (n)
µ (PV )

and Un /∈ (T (n)
µn (PU ) ∪ T (n)

µn (QU ))|H = 1
]

≤ Pr
[
Un ∈ T (n)

µn (PU ) and V n ∈ T (n)
µ (PV )|H = 1

]
+ Pr

[
Un ∈ T (n)

µn (QU ) and V n ∈ T (n)
µ (PV )|H = 1

]
+ Pr[Y n ∈ T (n)

µn (ΓY |X(·|0))|Xn = x̂n]

·Pr
[
V n ∈ T (n)

µ (PV )|H = 1
]

(103)

≤ (n+ 1)|U||V|2−nminD(πUV ‖QUV )

+(n+ 1)|U||V|2−nminD(πUV ‖QUV )

+2−nminD(πY ‖ΓY |X=x̂)(n+ 1)|V|+|Y|2−nminD(πV ‖QV ),

(104)

where the first two minimima are over types πUV with
marginals that are µn-close to PU and PV or to QU and PV ,
respectively, and the latter two minima are over types πY and
πV that are µn-close to ΓY |X=0 and PV , respectively. Letting
n→∞, by standard arguments we have:

lim
n→∞

− 1

n
log βn ≥ min{E1, E2, E3}. (105)

APPENDIX E
CONVERSE PROOFS FOR EQUATIONS (19) AND (20)

(FULLY-CONNECTED DMC, EXPECTED COST
CONSTRAINTS)

The following considerations will be used throughout this ap-
pendix. Define k′(n) an increasing function of positive integers
satisfying:

lim
n→∞

k′(n)

Cn
=∞ (106a)

lim
n→∞

k′(n)

n
= 0. (106b)

Also, define the set of un-sequences that are mapped to “low-
weight inputs”

Ũn , {un ∈ Un : wH(f (n)(un)) ≤ k′(n)}, (107)

Under an expected resource constraint under hypothesis H, we
have:

Cn ≥
n∑
i=1

E[c(Xi)|H = H] (108)

≥ cmin · E[wH(Xn)|H = H] (109)
≥ cmin · k′(n) · Pr[Un /∈ Ũn|H = H], (110)

where cmin = minx6=0 c(x) > 0. Then, the following simple
bound holds:

Pr[Un /∈ Ũ|H = H] ≤ Cn
cmin · k′(n)

. (111)

By our assumptions on k′(n) in (106a), the set Ũ thus occurs
asymptotically with probability 1:

lim
n→∞

Pr
[
Un /∈ Ũn

∣∣∣H = H
]

= 0, (112)

under any of the hypotheses H for which the expected resource
constraint is imposed.

Let {µn}n be any sequence satisfying

lim
n→∞

µn = 0 (113a)

lim
n→∞

µ2
nn =∞. (113b)

Since the probability of the set T (n)
µn/2

(PU ) asymptotically tends
to 1 as n → ∞ under hypothesis H = 0, we conclude that if
Limit (112) holds for H = 0, then

lim
n→∞

Pr
[
Un ∈

(
T (n)
µn/2

(PU ) ∩ Ũn
) ∣∣∣ H = 0

]
= 1. (114)

Similarly, we can conclude that if Limit (112) holds for H =
1, then

lim
n→∞

Pr
[
Un ∈

(
T (n)
µn/2

(QU ) ∩ Ũn
) ∣∣∣ H = 1

]
= 1, (115)

and because all sequences in T (n)
µn/2

(QU ) have almost equal
probability:

lim
n→∞

∣∣∣T (n)
µn/2

(QU ) ∩ Ũn
∣∣∣∣∣∣T (n)

µn/2
(QU )

∣∣∣ = 1. (116)

A. Upper Bounds E1 and E3

The region Fn and its probability: Let FUV be an arbitrary
pmf with marginals FV = PV and FU = PU if the expected
cost constraint is only imposed under H = 0, and marginals
FV = PV and FU ∈ {PU , QU} if the expected cost constraint
is imposed under both hypotheses.

Define the region

Fn , {(un, vn, yn) : (un, vn) ∈ T (n)
µn (FUV ),

un ∈ (Ũn ∩ T (n)
µn/2

(FU )), g(vn, yn) = 0}.
(117)

For the probability of this set under H = 0 we have:

∆n , Pr [(Un, V n, Y n) ∈ Fn|H = 0] (118)

= Pr
[
Un ∈ (Ũn ∩ T (n)

µn/2
(FU ))|H = 0

]
·Pr

[
(Un, V n) ∈ T (n)

µn (FUV )|Un ∈ (Ũn ∩ T (n)
µn/2

(FU )),

H = 0
]

·Pr
[
g(n)(V n, Y n) = 0|Un ∈ (Ũn ∩ T (n)

µn/2
(FU )),

(Un, V n) ∈ T (n)
µn (FUV ),H = 0

]
.

(119)

We bound each of these probabilities individually. Notice first
that by (112) and (114) for FU = PU we have:

Pr
[
Un ∈ (Ũn ∩ T (n)

µn/2
(PU ))|H = 0

]
≥ 1− o(1). (120)

If (116) holds, then because all sequences of T (n)
µn/2

(FU )) have
approximately equal probability, we have for FU = QU :

Pr
[
Un ∈ (Ũn ∩ T (n)

µn/2
(FU ))|H = 0

]
≥ 2−n(D(FU‖PU )+o(1)).

(121)

We further observe that by well-known arguments, if FV |U 6=
PV |U :

Pr
[
(Un, V n) ∈ T (n)

µn (FUV )|Un ∈ (Ũn ∩ T (n)
µn/2

(FU )), H = 0
]



≥ 2−n(D(FUV ‖FUPV |U )+o(1)). (122)

If FV |U = PV |U :

Pr
[
(Un, V n) ∈ T (n)

µn (FUV )|Un ∈ (Ũn ∩ T (n)
µn/2

(FU )), H = 0
]

≥ 1− o(1). (123)

It remains to analyze the third probabilty in (119). For
ease of notation, let TUnV n(un, vn) denote the pmf of the
tuples (un, vn) conditional on H = 0 and on the conditions
(Un, V n) ∈ T (n)

µn (FUV ) and Un ∈ (Ũn ∩ T (n)
µn/2

(FU )):

TUnV n(un, vn)

, Pr[Un = un, V n = vn|Un ∈ (Ũn ∩ T (n)
µn/2

(FU )),

(Un, V n) ∈ T (n)
µn (FUV ),H = 0]. (124)

Similarly, let SUnV n(un, vn) denote the pmf of the tuples
(un, vn) conditional on H = 0 and on the condition Un ∈ Ũn:

SUnV n(un, vn) , Pr[Un = un, V n = vn|Un ∈ Ũn,H = 0].

(125)

By the definition of the set Ũn, we can write:

Pr
[
g(n)(V n, Y n) = 0|Un ∈ (Ũn ∩ T (n)

µn/2
(FU )),

(Un, V n) ∈ T (n)
µn (FUV ),H = 0

]
=
∑
yn

∑
vn∈AV (yn)

·
∑

un∈Ũn∩T (n)

µn/2
(FU ) :

(un,vn)∈T (n)
µn

(FUV )

Pr[Y n = yn|Un = un] · TUnV n(un, vn)

(126)

≥
∑
yn

∑
vn∈AV (yn)

·γ2k′(n)
Q

∑
un∈Ũn

Pr[Y n = yn|Un = un]SUnV n(un, vn)

(127)

= γ
2k′(n)
Q Pr

[
g(n)(V n, Y n) = 0|Un ∈ Ũn,H = 0

]
, (128)

where the inequality holds because un ∈ Ũn and thus the
corresponding inputs all have weights bounded by k′(n), see
also (74) and the definition of γQ in (72).

Since for any events A and B it holds that Pr[A|B] ≥ Pr[A∩
B] = Pr[A] − Pr[A ∩ Bc] ≥ Pr[A] − Pr[Bc], we can further
bound:

Pr
[
g(n)(V n, Y n) = 0|Un ∈ Ũn,H = 0

]
≥ Pr

[
g(n)(V n, Y n) = 0|H = 0

]
− Pr

[
Un /∈ Ũn|H = 0

]
(129)

≥ 1− ε− o(1), (130)

where the last inequality holds by the assumption on the type-I
error probability and by (114).

Combining all these observations, we obtain:
• If FU = PU and FV |U = PV |U ,

lim
n→∞

− 1

n
log ∆n = 0. (131)

• If FU = PU and FV |U 6= PV |U ,

lim
n→∞

− 1

n
log ∆n ≤ D(FUV ‖PUPV |U ). (132)

• If FU = QU and FV |U = PV |U ,

lim
n→∞

− 1

n
log ∆n ≤ D(QU‖PU ) = D(FUV ‖PUPV |U ).

(133)

• If FU = QU and FV |U 6= PV |U

lim
n→∞

− 1

n
log ∆n ≤ D(QU‖PU ) +D(FUV ‖QUPV |U )

(134)
= D(FUV ‖PUPV |U ). (135)

So, in all cases we have:

lim
n→∞

− 1

n
log ∆n ≤ D(FUV ‖PUV ). (136)

Change of measure on Fn:
Define now the tuple (Ũn, Ṽ n, Ỹ n) to be of joint pmf

PŨnṼ nỸ n(un, vn, yn) =
P⊗nUV (un, vn)Γ⊗nY |X(yn|f (n)(un))

∆n

·1{(un, vn, yn) ∈ Fn}. (137)

We obtain:

− 1

n
log βn

= − 1

n
log Pr[Ĥ = 0|H = 1]

= − 1

n
log

 ∑
un,vn,yn:
g(vn,yn)=0

Q⊗nUV (un, vn) · Pr[Y n = yn|Un = un]


(138)

≤ − 1

n
log

 ∑
(un,vn,yn)
∈Fn

Q⊗nUV (un, vn) · Pr[Y n = yn|Un = un]


(139)

= − 1

n
logQUnV nY n (Fn) (140)

(a)
=

1

n
D (PŨnṼ nỸ n (Fn) ‖QUnV nY n (Fn)) (141)

(b)

≤ 1

n
D
(
PŨnṼ nỸ n‖Q⊗nUV PY n|Un

)
(142)

(c)
=

1

n

∑
(un,vn)

PŨnṼ n(un, vn) log
P⊗nUV (un, vn)

Q⊗nUV (un, vn)

− 1

n
log ∆n (143)

=
1

n

n∑
i=1

∑
(un,vn)

PŨnṼ n(un, vn) log
PUV (ui, vi)

QUV (ui, vi)

− 1

n
log ∆n (144)

=
1

n

n∑
i=1

∑
ui,vi

PŨiṼi(ui, vi) log
PUV (ui, vi)

QUV (ui, vi)



− 1

n
log ∆n (145)

=
∑
u,v

PŨT ṼT (u, v) log
PUV (u, v)

QUV (u, v)
− 1

n
log ∆n, (146)

where T is a uniform random variable over {1, . . . , n} inde-
pendent of (Ũn, Ṽ n). In above inequalities, (a) holds because
PŨnṼ nỸ n is only defined on Fn and thus PŨnṼ nỸ n(Fn) = 1;
(b) holds by the data processing inequality; and (c) holds by
the definition of PŨnṼ nỸ n .

We use Limit (136) and the fact that PŨT ṼT (u, v) =
FUV (u, v)+o(1) because Fn only contains (un, vn)-sequences
that are FUV -typical. Then, taking the limit n→∞ on (146),
we obtain:

lim
n→∞

− 1

n
log βn

≤
∑
u,v

FUV (u, v) log
PUV (u, v)

QUV (u, v)
+D(FUV ‖PUV ) (147)

= D(FUV ‖QUV ). (148)

Concluding the Proof:
Recall that we have derived the bound (148) for any pmf

FUV with marginal FV = PV and FU = PU if the expected
cost constraint is imposed only under hypothesis H = 0 and
marginals FV = PV and FU ∈ {PU , QU} if the cost constraint
is imposed under both hypotheses.

By Limits (114) and (148), we thus obtain the desired
converse result E1 on both θExp-cost,H=0 and θExp-cost,both, and
by also using Limit (115), we establish the converse result E3

on θExp-cost,both.

B. Upper Bound E2

We again use change of measure arguments to obtain upper
bound E2, but now combined with the blowing up lemma.

Define for each sequence un, the set of indices where this
sequence induces input zero:

Iun , {i ∈ {1, . . . , n} : fi(u
n) = 0} (149)

for fi(un) the i-th component of f (n)(un).
Let An denote the acceptance region:

An , {(vn, yn) : g(vn, yn) = 0}. (150)

Further, let {`n} be a sequence with limn→∞ `n/
√
n =∞ and

limn→∞ `n/n = 0. Define then for each vn the `n-blown-up:
acceptance region

Â`nn (vn) , {ỹn : ∃yn ∈ An(vn, yn) s.t. dH(ỹn, yn) ≤ `n} .
(151)

We next define the set on which we will be employing the
change of measure. Fix η ∈ (0, (1− ε)) and define

Dn , {(un, vn) : un ∈ Ũ , vn ∈ T (n)
µn (PV ),

Pr[(vn, Y n) ∈ An|Un = un, V n = vn] ≥ η},
(152)

where notice that the last probability is not conditioned on the
hypothesis as it only depends on the encoding function and the
channel transition law.

We continue to apply the union bound to obtain:

∆n , Pr
[
(Un, V n) ∈ Dn

∣∣H = 0
]

(153)

≥ 1− Pr[U /∈ Ũn|H = 0]− Pr[vn /∈ T (n)
µn (PV )|H = 0]

−Pr[ Pr[(V n, Y n) ∈ An|Un, V n] < η] (154)

≥ 1− Cn
cmink′(n)

− |V|
4µ2

nn
− 1− ε

η
. (155)

To prove the desired converse result, we define the new pmf

P̃UnV nY nIUn (un, vn, yn, I)

=
P⊗nUV (un, vn)

∆n
· 1{(un, vn) ∈ Dn} · Γ⊗nY |X(yn|f (n)(un))

·1{I = Iun} (156)

and notice that this new measure satisfies:

P̃ (Y n ∈ Â`n(V n))

=
∑

(un,vn)∈Dn
P̃UnV n(un, vn)

·Pr[Y n ∈ Â`n(vn)|Un = un, V n = vn]

≥
∑

(un,vn)∈Dn
P̃UnV n(un, vn)

(
1−

√
n ln 1/η

`n

)
= 1− λn, (157)

where we defined λn ,
√
n ln 1/η

`n
, which by our assumptions

tends to 0 for n → ∞; and the inequality is obtained by
applying the blowing-up lemma [25, remark p. 446] on each
pair (un, vn).

We next examine how the blow-up of the acceptance region
influences the type-II error probability:

Q
(
Y n ∈ Â`n(V n)

)
,

∑
(un,vn)

Q⊗nUV (un, vn)

·Pr[Y n ∈ Â`n(vn)|Un = un, V n = vn] (158)

≤
∑

(un,vn)

Q⊗nUV (un, vn)

·Pr[Y n ∈ A(vn)|Un = un, V n = vn]

·enhb(`n/n) · |Y|`n · γ`nmin (159)

= βn · enhb(`n/n) · |Y|`n · γ`nmin, (160)

where recall that γmin , min(x,y) Γy|x(y|x), and where the
inequality can be obtaiend following the steps in [27, the Proof
of Lemma 5.1].

Let now

P̃H(0) , P̃
(
Y n ∈ Â`n(V n)

)
(161)

QH(0) , Q
(
Y n ∈ Â`n(V n)

)
(162)

and P̃H(1) and QH(1) their complements. By the data process-
ing inequality:

D(P̃V nY n‖QV nY n) ≥ D(P̃H‖QH) (163)

≥ −1 + P̃H(0) log
1

QH(0)
, (164)



where the second inequality is obtained by writing out the
divergence term and bounding binary entropy by 1.

Combining (157) and (160) with (164), we can then write:

− 1

n
log βn

≤ 1

(1− λn)n

(
1 +D

(
P̃V nY n‖QV nY n

))
+hb(`n/n) +

`n
n

log(γmin · |Y|) (165)

=
1

n(1− λn)

(
1 +D

(
P̃V n‖Q⊗nV

))
+

1

n(1− λn)
EP̃V n

[
D
(
P̃Y n|V n‖QY n|V n

)])
+hb(`n/n) +

`n
n

log(γmin · |Y|), (166)

where the inequality holds by the data-processing inequality.
Following previous arguments, we have

1

n
D
(
P̃V n‖Q⊗nV

)
≤ 1

n

∑
vn

P̃V n(vn) log

(
P⊗nV (vn)

Q⊗nV (vn)

)
− log ∆n, (167)

which tends to D(PV ‖QV ) by our definition of P̃V n and
because ∆ is bounded away from 0 and smaller than 1, see
(155).

Before considering the second term in the decomposition
(166), we observe that by basic probability:

P̃Y n|V n(yn|vn) = EP̃IUn

[
P̃Y n|V nIUn (yn|vn, IUn)

]
(168)

QY n|V n(yn|vn) = EP̃IUn

[
QY n|V n(yn|vn)

]
, (169)

and thus by the convexity of KL divergence:

1

n
EP̃V n

[
D
(
P̃Y n|V n‖QY n|V n

)]
≤ 1

n
EP̃V nIUn

[
D
(
P̃Y n|V nIUn ‖QY n|V n

)]
. (170)

Moreover, for given realizations IUn = I and V n = vn, we
can decompose the divergence as:

1

n
D
(
P̃Y n|V n=vn,IUn=I‖QY n|V n=vn

)
=

1

n
D
(
P̃Y nI |V n=vn,IUn=I‖QY nI |vn

)
+

1

n
E
[
D
(
P̃Y nIc |V n=vn,IUn=I‖QY nIc |V n=vn

)]
(171)

≤ 1

n
D
(
P̃Y nI |V n=vn,IUn=I‖QY nI |V n=vn

)
−n− |I|

n
log γmin (172)

=
1

n
D
(

ΓY |X(·|0)⊗|I|‖QY nI |V n=vn

)
− n− |I|

n
log γmin.

(173)

Notice that the second term in (173) vanishes as n → ∞
by our assumption that γmin is bounded away from zero and
because under P̃ the number of non-zero input symbols is upper
bounded by Cn/cmin and thus sublinear in n.

The first term in (173) can be bounded using the concavity
of the log-function:

1

n
D
(

ΓY |X(·|0)⊗|I|‖QY nI |vn
)

≤ 1

n

∑
xn

QXn|vn(xn)D
(

ΓY |X(·|0)⊗|I|‖QY nI |xnI
)

(174)

=
|I|
n

∑
xn

QXn|vn(xn)∑
x′∈X

πxn(x′)D
(
ΓY |X(·|0)‖ΓY |X(·|x′)

)
(175)

≤
∑
xn

QXn|vn(xn) max
x′∈X

D
(
ΓY |X(·|0)‖ΓY |X(·|x′)

)
(176)

= max
x′∈X

D
(
ΓY |X(·|0)‖ΓY |X(·|x′)

)
. (177)

Combining these observations with (166) and (167) and using
that `n/n→ 0 as n→∞, we can conclude;

lim
n→∞

− 1

n
log βn ≤ D(PV ‖QV )

+ max
x′∈X

D
(
ΓY |X(·|0)‖ΓY |X(·|x′)

)
, (178)

which concludes the proof.
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