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Abstract—The paper presents an improved upper bound
(achievability result) on the optimal tradeoff between Normalized
Delivery Time (NDT) and computation load for distributed com-
puting MapReduce systems in certain ranges of the parameters.
The upper bound is based on interference alignment combined
with zero-forcing. The paper further provides a lower bound
(converse) on the optimal NDT-computation tradeoff that can be
achieved when intermediate values (IVA) are partitioned into sub-
IVAs, and these sub-IVAs are then transmitted (in an arbitrary
form) by a single node, without cooperation among nodes. For
appropriate linear functions (e.g., XORs), such non-cooperative
schemes can achieve some of the best NDT-computation tradeoff
points so far obtained in the literature. However, as our lower
bound shows, any non-cooperative scheme achieves a worse NDT-
computation tradeoff than our new proposed scheme for certain
parameters, thus proving the necessity of cooperative schemes
like zero-forcing to attain the optimal NDT-computation tradeoff.

Index Terms—Wireless distributed computing, interference
alignment, zero-forcing, NDT.

I. INTRODUCTION

MapReduce systems are becoming important building
blocks also in wireless scenarios because they allow us to
distribute heavy computation tasks over multiple distributed
nodes. Important performance parameters of such systems
are the computation load r, which characterizes the average
amount of data stored at the nodes (i.e., memory require-
ments), and the Normalized Delivery Time (NDT) A, which
characterizes the duration of the wireless shuffle phase (i.e.,
communication requirements). The optimal tradeoff between
memory requirements and communication duration was first
characterized in [1], but under the assumption of perfect
multicast communication links. The optimal scheme for this
noiseless setup splits intermediate values (IVA) into message
parts and then communicates appropriate XORs of these parts.
Decoding requires that receiving nodes use their knowledge
of the message parts transmitted by other nodes to cancel
non-desired parts of the XORs. Similar assumptions of ideal
multicast or noiseless communication links have also been
adopted in several related works, e.g., [2]-[4].

Several subsequent works [5]-[8] have studied the NDT-
computation tradeoff of wireless MapReduce, i.e., the smallest
NDT that can be achieved under a constraint on the compu-
tation load. The problem was first investigated for wireless
interference networks in [5], which proposed a coding scheme
based on one-shot beamforming and zero-forcing (ZF). In
our previous works in [6], [7], we obtained improved NDT-
computation tradeoffs by introducing interference alignment

(IA) [9], [10] to the shuffle phase. For computation loads
r=[(K—1)/2], where K denotes the number of nodes and is
assumed to be odd, our work in [7] also proposes an improved
IA scheme based on ZF. Notice that ZF introduces complex
dependencies between IA matrices, rendering performance
analysis of TA schemes involved [11].

In this paper, we improve our IA & ZF scheme in [7]. Our
new scheme applies to an arbitrary number of nodes K but still
requires that r = [ (K — 1)/2]. For odd values of K it strictly
improves over our previous scheme in [7]. The new scheme
is again based on IA & ZF and the analysis requires proving
algebraic independence of certain functions. We provide an
analytic proof for K = 5 in this paper as well as numeric
verification for K € {6, ...,15}.

Inspired by the excellent performance of the scheme in
[1] and to avoid complicated analyses, several schemes (also
for related cache-aided scenarios) [6], [7], [12] focused on
exploiting the multicast behaviour of wireless MapReduce
communication and the IVA side-information at the nodes,
but without any form of cooperation between transmit signals.
Specifically, the schemes divide the IVAs into submessages
and each submessage is transmitted (in an arbitrary form) by
only one of the nodes, without cooperation from the other
nodes. Transmit signals across nodes are thus independent of
each other. Nodes still use all their side-information about
IVAs in their decoding steps. In this work, we provide a lower
bound (converse result) on the NDT-computation tradeoff that
can be achieved by any such non-cooperative scheme. We
further show that this lower bound lies above the NDT-
computation tradeoffs obtained by our new IA & ZF scheme,
thus proving strict suboptimality of non-cooperative schemes.
Notice that the previously obtained NDT-computation trade-
offs do not improve over the non-cooperative lower bound and
do not allow us to obtain the desired conclusion.

Notations: We use standard notation, and also define [n] =
{1,2,...,n} and [A]* as the collection of all the subsets of
A with cardinality t. i.e. [A]* £ {T: T C A,|T| =t}.

II. WIRELESS MAPREDUCE FRAMEWORK

Consider a wireless MapReduce system with K > 5 nodes
labeled 1, ..., K, with M input files W1, ..., Wy, and with K
output functions ¢1, . .., ¢k, where function ¢y, is assigned to
Node k. The system follows the MapReduce framework, in
which each output function is decomposed as

Gq(Wi, ..., Wn) = vg(ag, .. agm), q€[K], (D



where

agp = ugp(Wp), p€M], )

denotes the intermediate value (IVA) computed from file W,,.
All TVAs are assumed independent and consist of A i.i.d. bits.
The MapReduce framework has 3 phases:
a) Map phase: Each node k is assigned a subset of files
M, C [M] and computes the IVAs {aq, : p € My, q € [K]}.
b) Shuffle phase: Nodes exchange IVAs over n uses of
a wireless channel in full-duplex mode. Node k transmits

Xk = fk(;n)({al,pv ey aK,p}pGMk) y (3)

subject to the average power constraint
1 ¢ )
=D E[Xx(t)*] <P. “
t=1

Node k observes

Yilt)= > Hew(O)Xw(t)+ Zi(t), te], (S)
k' e[K\{k}

and Yy 2 (Yi(1)...,Yx(n)), where {Hy 1 (t)} and {Z(t)}
are i.i.d. over time and across node pairs. Each coefficient
H, ,(t) has independent and identically distributed real and
imaginary parts, following a specified continuous distribution
over a bounded interval [—H,ax, Hmax] for some positive in-
teger Hyyax. All nodes have perfect channel state information.

Based on Y and the IVAs computed locally, Node k
decodes the missing IVAs as

ikp = gi) ({agiYiemuageiw: Yi) s 0 & Mi.  (6)

¢) Reduce phase: Each node k € [K] applies its reduce
function vy, to its available IVAs to compute its assigned output
function ¢y.
The performance of the distributed computing system is
measured by two factors: computation load and normalized
delivery time (NDT). The computation load is defined as

A |Mk|
EDIET (M
ke[K]
and NDT is defined as
A% lim lim o logP. @®)

P—oo Ao

We define the optimal NDT-computation tradeoff A*(r) as
the infimum of all A for which there exist file assignments
{M}} and encoding/decoding functions satisfying

Pr U U Qkp # akp| — 0 as A — oo. )
k€E[K] pg My,

In this work, we choose a the well known combinatorial file
assignment for the wireless MapReduce system. Specifically,
the input files {W7, ..., Wi} are partitioned into ('f) disjoint
bundles, each associated with a size-r subset 7 € [[K]|"
and stored at the nodes in 7. Since each file is stored at
exactly r nodes, this assignment satisfies the computation load
constraint.

A. Relation with r-fold cooperative channel

Under this combinatorial file assignment, the Shuffle phase
naturally induces a wireless channel with r-fold transmitter
cooperation. In particular, consider the wireless interference
channel described in (5) under the average power constraint
(4). For a given r € [K], any subset of r nodes 7 € [[K]]"
jointly holds a message aj 7 intended for Node k£, for each
k € [K]\ 7. Each message ay 7 is uniformly distributed over
{1,...,2" k7Y,

A rate tuple (Rpm : 7 € [[K]]", k € [K]\ T) is said to
be achievable if there exist encoding and decoding functions
such that the decoding error probabilities vanish as n — oc.
The corresponding sum degrees of freedom is defined as

by

P) re[KI) ke[K\T

Ry 1
log P’

SDoF(r) £ lim sup

(10)
P—o00 ReC(

where the supremum is over all achievable rate tuples under
power constraint P.

We have the following lemma, which establishes a direct
connection between the NDT and the SDoF [7].

Lemma 1. Under the combinatorial file assignment, for any

r € [K], r .
AN =(1-) SDoF(r)°

III. MAIN RESULTS

(1)

Our first result is an achievable NDT-computation tradeoff
that improves over previous results for r = [ (K —1)/2].

Theorem 1 (Achievable NDT-computation tradeoff). The
NDT-computation tradeoff for 5 < K < 15' and r =
[(K —1)/2] satisfies

1 r 4
A(r)< R(l—R> 1+(K—2)2>7 Keven,
- 1)1 r 1
k(- %) 1+(K—1)(K—2))’ K odd.
(12)

Proof: The coding scheme and corresponding SDoF for

the r-fold cooperative channel is described in Section IV.
Above tradeoff can then be obtained by applying Lemma 1.
|

As illustrated in Fig. 1, for r = | (K — 1)/2], the proposed
scheme strictly outperforms the schemes in [S]-[7] for all
considered values of K.

Above achievability result is obtained using a coding
scheme based on IA and ZF. A key-characteristics of ZF
is that nodes do not send independent signals, but correlate
them so as to avoid that certain signals interfere at some of
the nodes. Our second result implies that under the proposed
combinatorial file assignment, such cooperative transmission
is essential to achieve the best NDT-computation tradeoff. In

IThe restriction K < 15 is due to the use of numerical verification. This
choice does not suggest any inherent limitation of the proposed scheme for
larger K, instead, The performance of the scheme has only been numerically
validated for K < 15.
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Fig. 1. Comparison of the achieved NDT-computation tradeoff between the
proposed scheme and the schemes in [5]-[7].

the following Theorem 2, we provide a lower bound on the
best NDT-computation tradeoff that is achievable using any
kind of non-cooperative transmission. As we show, this lower
bound lies above the NDT-computation tradeoff achieved by
our IA and ZF scheme in Theorem 1.

Specifically, consider any MapReduce system with combi-
natorial file assignment and where each IVA q, , is split into
r equal length sub-messages (aZT)teT where 7 is the set
of nodes that have stored a4, ie., T = {k:p € My}
Each node ¢ € 7 then transmits only af, but not the
other submessages implying node ¢’s transmit signal X} is
independent of the sub-messages (CLZ/J—)t/eT\{t}. In contrast,
node t is allowed to use its knowledge of all messages
(af, 7)veT during its decoding. Notice that this set of strate-
gies in particular includes XOR-based inter-message coding as
proposed in [1], [12] where each XOR is independently multi-
cast to a set of receivers that can remove the non-desired parts
in the XOR.

Theorem 2 (Converse under Non-Cooperative Transmissions).
Under combinatorial file assignments and non-cooperative
transmissions of sub-IVAs, the achievable NDT-computation
tradeoff is bounded as:

1 ry (K=2)r+K-1
ANz (1-%) T

(n=% K r(K— 1)
Proof: The converse proof for the r-fold cooperative
channel with message-splitting approach is given in Section V.

The tradeoff can be obtain by applying Lemma 1. ]
Then, we obtain the following corollary.

Corollary 1. For K > 5 and r = | (K — 1)/2]| the bound in
(12) is strictly smaller than the bound in (13).

Proof: For K even and r = | (K—1)/2] = (K—2)/2, the
expression in (13) evaluates to:

1 ry (K=2)24+2(K-1)
x(-%) K—2(K—1)

(13)

(14)

which is strictly larger than the achievable bound in (12) for
all even K > 6. Similarly, for K odd and r = [(K—1)/2| =
(K —1)/2, the bound in (13) simplifies to

1 r
— (1 - —) . 1
K(K—-1) ( K (15
The obtained bound is again larger than the achievable bound
in (12) for all K > 3. |

IV. THE NEW IA & ZF SCHEME

A. A scheme forr=|(K—1)/2]

Each message is cooperatively transmitted by a size-r set of
nodes 7 so that it is received at a given node k € [K]\7 while
zero-forced at a group S of r — 1 nodes in [K\{7T U {k}}.
There is a set £ C [K\{SUT U{k}} of K—(r+r—1+41) =
K — 2r nodes where the signal is experienced as interference.
We choose to precode all messages that cause interference at
a given set of Nodes £ by the same precoding matrix U,
for £ € [K], with |£] = K — 2r. We want to construct the
precoding matrix Uy so that all interferences at the same set of
nodes £ align, thus leaving the remaining space for signaling
dimensions. To summarize, if we use precoding matrix U, for
the transmission of a message from group 7 to Node k, then
we zero-force this signal at all nodes in [K]\{7T U L U {k}}.
We ensure that this signal is aligned with all other interference
signals precoded with U at the nodes ¢ € £, which are the
only nodes where it causes interference.

Based on the above design principle, the key design choice
in our scheme is the assignment of a precoding matrix to each
message. Equivalently, for each message, we select the set of
nodes £ at which this message causes interference, and assign
the corresponding precoding matrix U . This assignment fully
determines both the interference alignment structure and the
zero-forcing constraints of the scheme.

For the case K > 5, the assignment of precoding matrices
follows a cyclic construction, as summarized in Algorithm 1.

Notice that the size of £ is K — 2r, so we select exactly
r different sets 7 in column k& when K is even. We select
2r — 1 = K — 2 different sets 7 when K is odd.

TABLE I
CHOICE OF PRECODING MATRICES IN OUR SCHEME FOR K = 5 AND
r = 2. EACH SIGNAL THAT IS PRECODED WITH MATRIX Us IS
ZERO-FORCED AT THE UNIQUE NODE i € [K]\(7T U {k,5}).

T\k “ 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5
{1, 2} X X U5 U5 (o)
{1,3} X Us X Us | o
{1,4} X Us | Us X 0
{1,5} X 0 o 0 X
{2,3} Us X X Us | o
{2, 4} U5 X U5 X o
{2,5} 0 X 0 0 X
{3, 4} Us Us X X 0
{3,5} 0 0 X 0 X
{4,5} 0 0 0 X X




For example, as depicted in Table I, for K = 5, r = 2,
L = {5} and k = 2, the following sets 7 send a message to
Node 2 using precoding matrix Us:

T e{{L,t}: t € BI\{1,2,5}} = {{1,3},{1,4}}, (16)

where here we associated the index 1 with £—1 and ¢ runs over
the remaining set [5]\{1,2,5}. Since K is odd, an additional
assignment is required according to Algorithm 1. Specifically,
the precoding matrix Uz must also be assigned to the entry
corresponding to 7 = {1,4} and ¥’ = k+1 = 3, as
the transmit set {1,4} does not include 3. For clarity, we
focus on the assignment of Uy with £ = 2. The analysis for
other precoding matrices and columns follows analogously by
symmetry.
Another example is given in [13] for K =6, r = 2.

B. Analysis of SDoF

If all channel coefficients after zero-forcing that multiply the
same precoding matrix are algebraically independent, an TA
coding scheme can be constructed by following the framework
in [7] and applying the precoding matrix assignment method in
Algorithm 1. For K = 5, the desired algebraic independence
is proved analytically in the arXiv version [13]. For larger
values of K however, the analysis becomes considerably more
complicated and we verified algebraic independence directly
by computing the Jacobian matrix using MATLAB2. This
verification has been carried out for all K € {6,...,15}. This
range is chosen due to the computational complexity of the
symbolic Jacobian computation.

To evaluate the SDoF achieved by our scheme, we notice
that the DoF per node is given by the ratio between the
dimension of the desired signal subspace and the dimension
of the desired signal subspace and interference subspace.

2The code is at: https:/github.com/yue-bi/wdc-jacobian-verification.

Algorithm 1 Assignment of precoding matrices for K > 5

Throughout Algorithm 1, all indices are interpreted according
to the natural cyclic order of the set [K]\ L. In particular, the
notions of successor (e.g., k + 1) and consecutive indices are
defined according to this cyclic order, rather than the natural
integer ordering.
Require: Number of nodes K, cooperation parameter r, index
set L
1: for all k € [K]\ £ do

2: Fix r — 1 consecutive nodes
{k—r+1,...;k—1} C[K]\ L.

3 forall t € [K]\ ({k—r+1,...,k}UL) do

4 Form the set T «+ {k—r+1,...,k—1,t}

5: Assign U, to row 7 and column k

6: if Kis odd and £+ 1 ¢ T then

7: Assign U, to row 7 and column &k + 1

8 end if

9: end for

10: end for

For sufficiently large message lengths, the ratio between the
dimensions of the desired signal subspace and the interference
subspace asymptotically equals the ratio between the number
of codewords intended for a given Node and the number of
distinct precoding matrices in the interference space.

As mentioned earlier, each column is filled with r matrices
when K is even, and with 2r — 1 = K — 2 matrices when
K is odd. This implies that for a node k ¢ L, the precoding
matrix U, encodes r messages intended to Node k£ when K
is even, and it encodes K — 2 messages intended to Node &
when K is odd. Since |£| = K — 2r, the number of precoding
matrices that encode a message intended for Node k equals
(KK:er)’ Meanwhile, Node k is only interfered by codewords
that are premultiplied by U, with k¥ € £. The number of
interfering precoding matrices is (K K2r 1) Therefore, for r =
[(K—1)/2], the following DoF is achievable to each Node k
when we let the length of message tends to infinity:

(k20" (K=2)2
(K 2r)r+(K oL 1) (K 2)2+4, K even, (17)
(KZ5)(K=2) (K=1)(K—2) K odd.

() K=2)+( 550 — = KD (K—2)+1°

The achievable SDoF can be obtained by mutiplying the
above results by K, as the scheme is symmetric.
V. PROOF OF THE CONVERSE RESULT (THEOREM 2)

We recall that the converse proof is derived under the
assumption that each IVA qa,,, is split into r equal-length sub-
messages (af ;-)ie7 and T = {k: p € My }. Denote the set
of all sub-IVAs by

Viotal := {ag"T: T C [[K]]rv

We have the following lemma.

teT, g€

KN\T}.  (18)

Lemma 2. Fix P > 0 and a rate tuple in C(P). For any indices
j,t € [K] with j # t, the following high-SNR inequality holds
for R, the rate of message a:

P—)oo log Z fla =1 "
acV
where V is defined as
VEaV UV, (20)
for ,
VRL (ol T e [KNGY andueT), @)
and )
VTX Y VTX’Z, (22)
i€[K\{s,t}
VI 2 (a T € [K\{jo. i} and t €T} (23)
In all the above expressions, the index set {j,...,i} needs to

be interpreted according to the natural cyclic order of the set
K]\ {2}

Proof. Without loss of generality, we choose j =2 and t = 1
throughout this proof.



Fix P > 0 and any rate tuple in C(P). Consider en-
coding and decoding functions { fé")} and {g(} such that
p(™(error) — 0 as n — oo. Fix a blocklength n and set
F £ {3,...,K}. Let H denote the collection of all channel
coefficients. For any S C [K], define Ys £ (Y, : p € S)
and Zs = (Z, : p € S). All other messages are collectively
denoted by

f} £ Vtolal \V (24)

By independence of all messages, channel coefficients, and
noise sequences,
H(V)=H(V|V,H)
=IV;Y2 [V H)+ HV | Y2, V, H)
=h(Y2 |V, H) = h(Zs) + HV | Y2, V, H)
<n-log(l+ (K—1)PH2 )+ HV | Y2V, H).(25)
In the following we show that the last entropy term grows
slowlier than nlog P, which will conclude the proof of the
lemma. To this end, start by decomposing the entropy term as
H(V|Y2,V,H)

= HOV™ | Yo, V,H) + HYV™ | Yo, V, V¥ H).  (26)

The first term grows sublinearly in n by Fano’s inequality

because the messages in V** need to be decoded from Yo:
HOV® | Y2,V 1) <ne, 27

for some ¢, — 0 as n — oo.
For the second term, we write

HV™ | Yo, V, VR H) = HV™ | Yo, Y7, V, V¥ H)
+I(VTX; YJ: | Vva Y27 T}a H)a (28)
and observe that

IV™ Yz | VRxYy, V, H)
(@)

= h(Yr | VYo, V, 1) — h(ZF) (29)
O h(Yr [V Yo, V. H, E=1) — h(Zz)  (30)
(©)

< h(Z; [V Yy, VH, E=1)—h(ZFr) (31
< h(Z'%) — MZF) + né,, (32)

where €, is a sequence that vanishes in n and the (in)equalities

are justified as follows:

o In (a), we define Y, £ H,;X; +Z,, p € [K]. and

Ys £ (Y'p : p € S). Since V™* is carried only by the
input of Node ¢, conditioning on (VR*, V,H) removes all
other signal components, yielding the equality in (a).

o In (b), we introduce the binary random variable E, which
equals 1 if for all # € [n], the channel coefficient
H;.(t'") # 0. Notice that Pr[E = 1] = 1 since
the channel coefficients are drawn independently from
continuous distributions.

o To see (c), define for each p € F the noise-modified vari-
ables Z), £ Z, — H, ,H; /Z;, and Zx £ (Z,,: p € F).
Notice that in the event X = 1, the signal component of

Y 7 can be perfectly canceled, leaving only the effective
noise Z/r.
We finally show

HV™ | Y2, Yr, V*V,H)

K
=Y H V™ [ Yy, Yr, VR,

Vs vt )
1=3
(33)
K
<) einn, (34)
=3

where ¢; , denotes a vanishing sequence for each i and the
last inequalty holds by the following considerations.

For example, notice that the sub-IVAs known to node 3,
i.e., {a) +: 3 € T} are all contained in the set (VREuU V).
Moreover VYT%3 only contains sub-IVAs intended for node 3.
Since Y r contains Y3, we thus have by Fano’s Inequality
equality:

H (V™3 | Y2, Y7,V V) <egan, (35)

for a sequence €3, — 0 as n — oo.

For each i =4, ..., K, the sub-IVAs known to Node i, i.e.,
{al 7+ i € T}, are contained in the set (V** U Vuym™sy
- U VM=) Since VT only contains sub-IVAs intended
for node ¢ and Y, is contained in Y », we have by Fano’s
inequality:

H (V™ Yo, YAV, VD, V™3 YVl <ein, (36)

for a sequence ¢;, — 0 as n — oo. This proves (34).
Combining (25)—(34), we obtain
H(V) <n-log(1+ (K—1)PHZ,,) + nen

+h(Z'5) — h(ZF) + néy. (37)

Dividing by nlog P and letting n — oo and P — oo establishes
(19). O

The proof is obtained by summing the upper bound in
Lemma 2 over all index pairs (¢,j) € [K] with ¢ # j, and
then normalizing. We obtain SDoF < |Viw|/|V)], thus

r('f)(K—r) B K(K—=1)r
K+ Dy (K=2r+K-1

VI. CONCLUSION

SDoF < (38)

We propose a new wireless MapReduce coding scheme
based on IA and ZF for computation load r = |(K — 1)/2],
which strictly improves upon all previous achievable NDTs.
We also establish a converse for non-cooperative schemes,
where IVAs are split into submessages and transmitted by
single nodes. The results show that such schemes are strictly
suboptimal compared to our IA—ZF approach.
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