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Abstract—We study the two-terminal distributed “testing 

against independence” problem when the remote sensor can only 

send 𝑘 noise-free bits to the decision center or communicate 

over 𝑘 uses of a discrete memoryless channel, for 𝑘 sublinear in 

the observation length 𝑛. We show that under these conditions 

the smallest type-II error probability only decays exponentially 

in the number of transmitted bits/channel uses 𝑘 but not in the 

number of observations 𝑛. Moreover, we provide a general lower 

bound on the exponent of the decay-rate and a matching upper 

bound when the type-I error probability is required to vanish 

for growing 𝑛.

For the noise-free bits scenario, we also consider a gener

alization of “testing against independence” where under the 

alternative hypothesis the observations at the two terminals 

follow an arbitrary product distribution. Previous results showed 

that in this case the type-II error probability decays exponen

tially in 𝑛. In this work, we characterize a lower bound on the 

second order decay-rate in 𝑘 when the number of bits is larger 

than 
√
𝑛. We have a matching converse result when the type-I 

error probability is required to tend to 0 sufficiently fast in 𝑛.

Index Terms—Testing against independence, communication 

constraint, zero-rate, Stein-exponent, contraction coefficient.

I. Introduction

Consider the distributed binary hypothesis testing problem 

(see also Fig.  1) where a decision center aims to guess 

between two hypotheses that govern the joint distribution of 

two independent and identically distributed (IID) sources, one 

that is directly observed at the decision center and the other 

observed at a remote sensor. The sensor communicates to the 

decision center either over a noise-free link or over a noisy 

communication channel. Based on this communication and its 

own observations, the decision center attempts to guess the 

correct hypothesis.

For the noise-free link setup, the seminal paper [1] charac

terized the Stein-exponent, i.e., the fastest exponential decay-

rate of the type-II error probability in the observation length 

𝑛 when a threshold is imposed on the type-I error. While 

generally only in multi-letter form, a computable single-letter 

form was obtained in the special case of testing against 

independence, where under the alternative hypothesis the joint 

distribution is the product of the marginals under the null 

hypothesis. A single-letter formulation for Stein’s exponent 

was subsequently obtained for the more general case of testing 

against conditional independence [2]. Here, the scheme in [3] 

is not sufficient but the binning scheme in [4] was shown to be 

optimal. This scheme has recently been improved in [5], [6].

𝑈𝑛 𝑉 𝑛

𝑀 ∈ {0, 1,…, 2𝑘} 𝐻̂ ∈ {0, 1}
Sensor

Decision
Center

Fig. 1. Hypothesis Testing under One-Sided Compression Constraint.

Numerous extensions of this problem have been considered, 

including multiple decision centers [7], two-hop relay net

works [8], [9], interactive communications [10], and security 

constraints [11].

For the setup with a noisy link, lower bounds on the 

Stein-exponent where proposed in [12]–[15]. Moreover, weak 

and strong converse results were proved for testing against 

independence and conditional independence [12], [14], [16].

All above results concern scenarios where the number of 

transmitted noise-free bits scales linearly in the observation 

length 𝑛 or the noisy channel can be used a linear number of 

times. In this work, we focus on the highly communication-

limited regime where the noise-free link or noisy channel can 

be used only 𝑘 times, for 𝑘 a function that scales sublinearly 

in 𝑛. Under this assumption, [3], [17] determined the Stein-

exponent for the noise-free link setup and showed that it 

neither depends on the growth rate of 𝑘—in fact, 𝑘 = 1 is 

sufficient to achieve the exponent—nor on the allowed type-

I error probability threshold 𝜀. This result has recently been 

extended to noisy channels in [18].

For many sources, the Stein-exponents found in [3], [17], 

[18] are strictly positive, implying that the type-II error 

probability can vanish exponentially in the observation length 

𝑛. However, for certain sources, as in testing against inde

pendence, the Stein-exponent is 0. As a consequence, the 

best scaling of the type-II error probability remains open 

in such cases. For testing against independence, it has been 

conjectured in [19, Chap. 16.5] that the smallest type-II error 

probability decays exponentially in 𝑘 with an exponent equals 

to the contraction coefficient of the transition probability 𝑃𝑉 |𝑈  

from the sensor’s source 𝑈  to the decision center’s source 

𝑉  under the null hypothesis, with for input 𝑃𝑈  the marginal 

distribution of 𝑈  (the result was hinted through a limiting 

argument from the result in [1], were an interchange of limits 

lacks proper justification). The contraction coefficient is the
smallest factor that strengthen the data-processing inequality 

(DPI) for the according channel and input into a strong DPI.



In this work, we prove the conjecture in [19] for vanishing 

type-I errors. More generally, we propose a coding scheme for 

all sources where under the alternative hypothesis the obser

vations at the sensor and the decision center are independent 

(but not necessarily of same marginal distributions as under 

the null hypothesis). The type-II error probability of our 

scheme decays as 2−𝑛𝜃∗(𝜀)−𝑘𝜂+𝑜(𝑘) for 𝜃∗(𝜀) the Stein-expo

nent determined in [3], [17] and 𝜂 the mentioned contraction 

coefficient. We show that this result is optimal whenever the 

type-I error probability is required to vanish faster than 𝑘/𝑛 

while 𝑘 is faster than 
√
𝑛.

In our last contribution, we assume that the sensor commu

nicates to the decision center over 𝑘 (sublinear in 𝑛) uses of 

a discrete memoryless channel (DMC). We focus on testing 

against independence where we show that when the type-I 

error probability is required to vanish, the optimal type-II 

error probability is 2−𝑘𝜂𝐶+𝑜(𝑘), for again 𝜂 the contraction 

coefficient and 𝐶 the capacity of the DMC.

This article is organized as follows. The setup is described 

in Section II along with the main results for the noise-free 

link setup. Section  III describes the noisy-channel scenario, 

for which we restrict to testing against independence only. 

The proofs are provided in the following sections IV to VII.

II. Problem Statement and Main Result

A. Problem Statement

In this work, the tester aims to decide whether the 𝑛 IID 

samples (𝑈𝑛, 𝑉 𝑛) have been generated according to the null 

or alternative hypothesis as

𝐻0 : (𝑈𝑛, 𝑉 𝑛) ∼
IID 𝑃𝑈𝑉 ,

𝐻1 : (𝑈𝑛, 𝑉 𝑛) ∼
IID 𝑄𝑈𝑄𝑉 ,

for 𝑃𝑈𝑉  a probability mass function (PMF) over the finite 

alphabet 𝒰︀× 𝒱︀, 𝑄𝑈  a PMF over 𝒰︀ and 𝑄𝑉  a PMF over 𝒱︀. 

We will assume that 𝑄𝑈(𝑢) = 0 and 𝑄𝑉 (𝑣) = 0 only when 

𝑃𝑈(𝑢) = 0 and 𝑃𝑉 (𝑣) = 0, respectively.

As opposed to classical binary hypothesis testing, the 

decision center doesn’t have complete access to the samples, 

but is subject to a compression constraint on the observation 

of 𝑈𝑛 while it gets full access to 𝑉 𝑛. As depicted in Fig. 1, 

𝑈𝑛 is observed at a remote sensor that can send a message 

𝑀 ∈ {0,…, 2𝑘}—roughly a 𝑘-bits message—that it obtains 

by means of an encoding function 𝑓𝑛 : 𝒰︀𝑛 → {0,…, 2𝑘} as 

𝑀 = 𝑓𝑛(𝑈𝑛).
We consider the case where 𝑘 grows with 𝑛, but at most 

sublinearly, so that 𝑘 = 𝑘(𝑛) with

lim
𝑛→∞

𝑘(𝑛) = ∞, (1.1)

lim
𝑛→∞

𝑘(𝑛)
𝑛

= 0. (1.2)

Based on its observations (𝑀, 𝑉 𝑛), the decision center 

produces a guess 𝐻̂ ∈ {0, 1} according to a deterministic 

hypothesis test 𝑔𝑛 : {0,…,𝑀} × 𝒱︀𝑛 → {0, 1}.
The performance criteria associated with a pair (𝑓𝑛, 𝑔𝑛) are 

its type-I error probability

𝛼𝑛 ≔ ℙ[𝐻̂ = 1|𝐻0], (2)

and its type-II error probability

𝛽𝑛 ≔ ℙ[𝐻̂ = 0|𝐻1]. (3)

Definition 1. Let 𝜀 ∈ [0, 1). A Stein-exponent 𝜃 is called 𝜀-
achievable if there exists a sequence (in 𝑛) of encodings and 

decision functions (𝑓𝑛, 𝑔𝑛) so that

lim sup
𝑛⟶∞

𝛼𝑛 ≤ 𝜀, (4)

and

lim inf
𝑛⟶∞

−1
𝑛
log 𝛽𝑛 ≥ 𝜃. (5)

The largest 𝜀-achievable exponent is called the Stein-exponent 

and denoted 𝜃∗(𝜀).

The Stein-exponent 𝜃∗(𝜀) of our setup has been characterized 

in [3], [17]:

𝜃∗(𝜀) = 𝐷(𝑃𝑈 ‖ 𝑄𝑈) + 𝐷(𝑃𝑉 ‖ 𝑄𝑉 ). (6)
Interestingly, this exponent doesn’t depend neither on the 

threshold 𝜀 nor on the growth-rate of 𝑘(𝑛), and in particular 

can be achieved even with a single bit of communication 

𝑘(𝑛) = 1. Note that when 𝑃𝑈 = 𝑄𝑈  and 𝑃𝑉 = 𝑄𝑉  the result

ing exponent is 𝜃∗(𝜀) = 0.
The focus in this article is on the “second-order” asymptotic 

of the error probability, that is the additional decay of type-II 

error that can be obtained by leveraging the growth rate 𝑘(𝑛).

Definition 2. Let 𝜀 ∈ [0, 1). A second-order exponent 𝜂 is 

said 𝜀-achievable if there exists a sequence (𝑓𝑛, 𝑔𝑛) so that 

(4) holds and moreover

lim inf
𝑛→∞

1
𝑘
⋅ (− log(𝛽𝑛) − 𝑛 ⋅ 𝜃∗(𝜀)) ≥ 𝜂. (7)

The largest 𝜀-achievable second-order exponent is denoted 

𝜂∗(𝜀).

Even thought we restrict to deterministic encoding and tests, 

our converse results apply equally to randomized procedures.

B. Main Results

Our results include a lower bound (achievability) for 𝜂∗(𝜀) for 

𝜀 ∈ [0, 1) when 𝑘(𝑛)/
√
𝑛⟶∞ or (𝑃𝑈 , 𝑄𝑈) = (𝑃𝑉 , 𝑄𝑉 ), 

a weak converse for 𝜀 = 0 when (𝑃𝑈 , 𝑄𝑈) = (𝑃𝑉 , 𝑄𝑉 ), and 

a “very weak” converse for general 𝑄𝑈  and 𝑄𝑉  where we 

require that 𝛼𝑛 be such that even 𝛼𝑛 ⋅ 𝑛/𝑘⟶ 0.

Theorem 1. [Achievability] When one of the following two 

conditions is satisfied

1) 𝑃𝑈 = 𝑄𝑈  and 𝑃𝑉 = 𝑄𝑉 ,

2) 𝑘 grows fast enough as

lim
𝑛→∞

𝑘(𝑛)√
𝑛
= ∞, (8)

we have for any 𝜀 ∈ [0, 1)
𝜂∗(𝜀) ≥ 𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈), (9)



where 𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈) is the contraction coefficient [19, Def. 

33.10] expressed as

𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈) = sup
𝑃𝑊|𝑈

𝑊−𝑈−𝑉

I(𝑊; 𝑉 )
I(𝑊;𝑈)

. (10)

This result is proved in Section IV.

Theorem 2. [Weak converse] When 𝑃𝑈 = 𝑄𝑈  and 𝑃𝑉 = 𝑄𝑉 :

𝜂∗(0) ≤ 𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈). (11)

The proof is based on the forthcoming Theorem 3, as 

explained in the concluding remark of Section VII.

Equipped with Theorem 1 and Theorem 2, we have an exact 

characterization of 𝜂∗(0) when 𝑃𝑈 = 𝑄𝑈  and 𝑃𝑉 = 𝑄𝑉  as

𝜂∗(0) = 𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈). (12)

So far, it is not clear whether a strong converse holds for the 

setup under consideration due to the normalization factor 𝑘 in 

the definition of 𝜂 in (7) instead of 𝑛 as used in the definition 

of 𝜃 in (6).

For arbitrary 𝑄𝑈  and 𝑄𝑉  (not just for when 𝑄𝑈 = 𝑃𝑈  

and 𝑄𝑉 = 𝑃𝑉 ) we can obtain a converse result under more 

restrictive conditions on 𝛼𝑛.

Theorem 3. [Very weak converse] If requirement (4) is 

strengthened to

lim sup
𝑛⟶∞

(𝛼𝑛 ⋅
𝑛
𝑘(𝑛)

) = 0, (13)

which in particular implies 𝛼𝑛 → 0, it holds that

𝜂∗(0) ≤ 𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈). (14)

The proof is delayed to Section VII.

By Theorems 1 and 3, under (8) and (13) it holds that

𝜂∗(0) = 𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈). (15)

III. Communication over a DMC

In this section, we consider the same setup as described in 

Section II, except that the sensor communicates to the decision 

center over 𝑘(𝑛) uses of a DMC Γ𝑌 |𝑋 with capacity 𝐶 > 0. 
We focus on the case of testing against independence were 

the alternative hypothesis is 𝑃𝑈𝑃𝑉 .

Stein-exponent and second-order exponent are defined anal

ogously to before, scaling the second-order by channel uses 𝑘.

Theorem 4. [Achievability] When 𝑃𝑈 = 𝑄𝑈  and 𝑃𝑉 = 𝑄𝑉 , 

for any 𝜀 ∈ [0, 1)
𝜂∗(𝜀) ≥ 𝐶 ⋅ 𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈). (16)

The proof is given in Section V.

Theorem 5. [Weak converse] When 𝑃𝑈 = 𝑄𝑈  and 𝑃𝑉 = 𝑄𝑉 ,

𝜂∗(0) ≤ 𝐶 ⋅ 𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈). (17)

Proof in Section VI.

These two results allow us to conclude that

𝜂∗(0) = 𝐶 ⋅ 𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈), (18)

similarly to the noiseless setting.

IV. Proof of Theorem 1

Assume 𝑃𝑈 ≠ 𝑄𝑈  and 𝑃𝑉 ≠ 𝑄𝑉 , other cases are treated at 

the end of the section. Let 𝕍𝑈 > 0 and 𝕋𝑈  denote the respec

tive second and third centered moments of log(𝑃𝑈/𝑄𝑈), and 

identically 𝕍𝑉 > 0 and 𝕋𝑉  for log(𝑃𝑉 /𝑄𝑉 ).
We use the definitions and 𝛿-convention from [20]. Fix 

a sufficiently large 𝑛 and small constants 𝜇, 𝜈 > 0. Pick a 

conditional 𝑃𝑊|𝑈  on a finite auxiliary alphabet 𝒲︀ and set

𝑅 = I(𝑊;𝑈) + 𝜈. (19)
This and all following mutual informations are calculated 

according to the joint PMF 𝑃𝑊𝑈𝑉 = 𝑃𝑊|𝑈𝑃𝑈𝑉 .

Let 𝑢𝑛 and 𝑣𝑛 be the realizations of 𝑈𝑛 and 𝑉 𝑛. Let

𝜏 ≔ 𝑘/𝑅, (20)
and notice that 𝜏 < 𝑛 for 𝑛 large enough (1).

Draw a length-𝜏  random codebook IID according to 𝑃𝑊  

with rate R to get 𝒞︀ = {𝑤𝜏(1),…,𝑤𝜏(2𝑘)}. Consider local 

tests 𝜑1 : 𝒰︀𝑛 → {0, 1} and 𝜑2 : 𝒱︀𝑛 → {0, 1} specified later.

Encoder: Looks for an index 𝑚 such that 𝑤𝜏(𝑚) and 𝑢𝜏  are 

jointly typical, (𝑤𝜏(𝑚), 𝑢𝜏) ∈ 𝒯︀𝜏𝜇 (𝑃𝑊𝑈). If successful, and 

moreover 𝜑1(𝑢𝑛) = 0, it sends 𝑀 = 𝑚, else it sends 𝑀 = 0.
Decoder: If 𝑀 ≠ 0, (𝑤𝜏(𝑀), 𝑣𝜏) ∈ 𝒯︀𝜏𝜇 (𝑃𝑊𝑉 ), and 

𝜑2(𝑣𝑛) = 0, set 𝐻̂ = 0. Otherwise, set 𝐻̂ = 1.
Analysis: We start by analyzing the type-I error probability 

𝛼𝑛 of our scheme, which can be upper-bounded as

𝛼𝑛 = ℙ[𝜑1(𝑈𝑛) = 1 or 𝜑2(𝑉 𝑛) = 1
or ∀𝑚 : (𝑊 𝜏(𝑚), 𝑈𝜏) ∉ 𝒯︀𝜏𝜇 (𝑃𝑊𝑈)
or (𝑊 𝜏(𝑀), 𝑉 𝜏) ∉ 𝒯︀𝜏𝜇 (𝑃𝑊𝑉 )|𝐻0] (21.1)

≤ ℙ[𝜑1(𝑈𝑛) = 1|𝐻0] + ℙ[𝜑2(𝑉 𝑛) = 1|𝐻0]
+ℙ[∀𝑚 : (𝑊 𝜏(𝑚), 𝑈𝜏) ∉ 𝒯︀𝜏𝜇 (𝑃𝑊𝑈)

or (𝑊 𝜏(𝑀), 𝑉 𝜏) ∉ 𝒯︀𝜏𝜇 (𝑃𝑊𝑉 )|𝐻0] (21.2)
= ℙ[𝜑1(𝑈𝑛) = 1|𝐻0] + ℙ[𝜑2(𝑉 𝑛) = 1|𝐻0]
+ℙ[∀𝑚 : (𝑊 𝜏(𝑚), 𝑈𝜏) ∉ 𝒯︀𝜏𝜇 (𝑃𝑊𝑈)|𝐻0]
+ℙ[(𝑊 𝜏(𝑀), 𝑉 𝜏) ∉ 𝒯︀𝜏𝜇 (𝑃𝑊𝑉 )

|∃𝑚 : (𝑊 𝜏(𝑚), 𝑈𝜏) ∈ 𝒯︀𝜏𝜇 (𝑃𝑊𝑈),𝐻0]. (21.3)

We now analyze the behavior of each summand in (21.3). 

Take sequences (𝛼1,𝑛) and (𝛼2,𝑛) such that

lim
𝑛→∞

𝛼1,𝑛 = lim
𝑛→∞

𝛼2,𝑛 = 𝜀/2. (22)

For the first summand, we take 𝜑1, the local test at sensor 

between 𝑃𝑈  and 𝑄𝑈 , as a likelihood ratio test with threshold

𝛾1 = 𝑛D(𝑃𝑈 ‖𝑄𝑈) −√𝑛𝕍𝑈𝒬︀−1(𝛼1,𝑛 −
6𝕋𝑈√
𝑛𝕍3/2𝑈

), (23)

for 𝒬︀−1 the inverse of the 𝒬︀-function. Thus, 𝜑1(𝑢𝑛) = 0 when

log( 𝑃𝑈𝑛(𝑢
𝑛)

𝑄𝑈𝑛(𝑢𝑛)
) ≥ 𝛾1. (24)



Berry-Esseen theorem allows to upper bound the probability 

of 𝜑1(𝑢𝑛) = 1 under 𝐻0 by 𝛼1,𝑛 [21, eq. A.11]. The second 

summand is upper bounded by 𝛼2,𝑛 the same way by choosing 

𝜑2 as a likelihood ratio test with threshold

𝛾2 = 𝑛D(𝑃𝑉 ‖𝑄𝑉 ) −√𝑛𝕍𝑉𝒬︀−1(𝛼2,𝑛 −
6𝕋𝑉√
𝑛𝕍3/2𝑉

). (25)

Remaining terms vanish: the third summand by 𝑅 > 𝐼(𝑊; 𝑉 ) 
and covering lemma [19, Cor. 25.6], while the fourth by 

Markov lemma [19, Prop. 25.7]. Overall, we obtain

lim
𝑛→∞

𝛼𝑛 ≤ 𝜀. (26)

For type-II error, see that when 𝜑1(𝑢𝑛) = 0, (24) gives

𝑄𝑈𝑛(𝑢𝑛) ≤ 𝑃𝑈𝑛(𝑢𝑛) ⋅ 2−𝛾1 . (27)
Same goes for 𝜑2, and we get for realizations such that 𝐻̂ = 0

𝑄𝑈𝑛(𝑢𝑛)𝑄𝑉 𝑛(𝑣𝑛) ≤ 𝑃𝑈𝑛(𝑢𝑛)𝑃𝑉 𝑛(𝑣𝑛) ⋅ 2−𝛾1−𝛾2 . (28)
Using (28) and denoting 𝐻2 for (𝑈𝑛, 𝑉 𝑛) ∼IID 𝑃𝑈𝑃𝑉 ,

𝛽𝑛 = ℙ[𝐻̂ = 0|𝐻1] (29.1)

≤ ℙ[𝐻̂ = 0|𝐻2] ⋅ 2−𝛾1−𝛾2 (29.2)

≤ ℙ[(𝑊 𝜏(𝑀), 𝑉 𝜏) ∈ 𝒯︀𝜏𝜇 (𝑃𝑊𝑉 )|𝑀 ≠ 0,𝐻2]
⋅ 2−𝛾1−𝛾2 , (29.3)

and by law of total probability

ℙ[(𝑊 𝜏(𝑀), 𝑉 𝜏) ∈ 𝒯︀𝜏𝜇 (𝑃𝑊𝑉 )|𝑀 ≠ 0,𝐻2]

=∑
2𝑘

𝑗=1
ℙ[(𝑊 𝜏(𝑗), 𝑉 𝜏) ∈ 𝒯︀𝜏𝜇 (𝑃𝑊𝑉 )|𝑀 = 𝑗,𝐻2]⏟

=(⋆)

⋅ ℙ[𝑀 = 𝑗|𝑀 ≠ 0,𝐻2]. (30)
Note that 𝑉 𝜏  is independent 𝑊 𝜏(𝑗) for any 𝑗 = 1,…, 2𝑘 

under 𝐻2. Thus, probability of success of the typicality check 

considered in (⋆) is upper-bounded by 2−𝜏(I(𝑊;𝑉 )−𝜈) provided 

𝑛 is large enough [22, Cor. 4.8]. We obtain

𝛽𝑛 ≤ 2−𝜏(I(𝑊;𝑉 )−𝜈)−𝛾1−𝛾2 . (31)
Consequently, we obtain the lower bound

− log(𝛽𝑛) ≥ 𝑛𝜃∗(𝜀) + 𝜏(I(𝑊; 𝑉 ) − 𝜈) (32.1)

−√𝑛𝕍𝑈𝒬︀−1(𝛼1,𝑛 −
6𝕋𝑈√
𝑛𝕍3/2𝑈

) (32.2)

−√𝑛𝕍𝑉𝒬︀−1(𝛼2,𝑛 −
6𝕋𝑉√
𝑛𝕍3/2𝑉

). (32.3)

Assuming 𝑘(𝑛) verifies (8), this yields

lim
𝑛→∞

−1
𝑘
(log(𝛽𝑛) − 𝑛𝜃∗(𝜀)) ≥

𝜏
𝑘
(𝐼(𝑊; 𝑉 ) − 𝜈) (33.1)

= 𝐼(𝑊; 𝑉 ) − 𝜈
𝐼(𝑊;𝑈) + 𝜈

. (33.2)

Letting 𝜈 tend to 0, then optimizing over 𝑃𝑊|𝑈  gives the result 

claimed in Theorem 1.

When 𝑃𝑈 = 𝑄𝑈  or 𝑃𝑉 = 𝑄𝑉 , use same scheme without 

irrelevant local tests. (8) isn’t needed when both are equals.

V. Proof of Theorem 4

Choose a large positive integer 𝑛, a channel input distribution 

𝑃𝑋, and a conditional source distribution 𝑃𝑊|𝑈  over a finite 

alphabet 𝒲︀. All following mutual informations are calculated 

according to the joint PMF 𝑃𝑈𝑉𝑊𝑋𝑌 = 𝑃𝑈𝑉 𝑃𝑊|𝑈𝑃𝑋Γ𝑌 |𝑋. 

Then, take small 𝛿, 𝜇, 𝜈 > 0 and set

𝜏 = 𝑘(𝐼(𝑋; 𝑌 )
𝑅

− 𝛿), (34)

for 𝑅 = 𝐼(𝑊;𝑈) + 𝜈.

Code Construction: Construct a random source codebook

𝒞︀𝑊 = {𝑊 𝜏(𝑚) : 𝑚 ∈ {1,…, 2𝜏𝑅}}, (35)
by independently drawing all codewords IID according to 𝑃𝑊 .

Construct a random channel codebook

𝒞︀𝑋 = {𝑋𝑘(𝑚) : 𝑚 ∈ {1,…, 2𝜏𝑅}}, (36)
by independently drawing all codewords IID according to 𝑃𝑋.

Encoding: Given it observes the source sequence 𝑢𝑛, the 

transmitter looks for an index 𝑚 that satisfies

(𝑤𝜏(𝑚), 𝑢𝜏) ∈ 𝒯︀𝜏𝜇 (𝑃𝑊𝑈). (37)

If successful, it picks one of these indices arbitrarily and sends 

the codeword 𝑥𝑘(𝑚) over the channel.

Decoding: For realizations (𝑦𝑘, 𝑣𝑛) of (𝑌 𝑘, 𝑉 𝑛), the deci

sion center first looks for an index 𝑚 ∈ {1,…2𝑘𝑅} so that

(𝑥𝑘(𝑚), 𝑦𝑘) ∈ 𝒯︀𝑘𝜇 (𝑃𝑋𝑌 ). (38)

If this is not successful, it declares 𝐻̂ = 1. Otherwise, it 

checks whether

(𝑤𝜏(𝑚), 𝑣𝜏) ∈ 𝒯︀𝜏𝜇 (𝑃𝑊𝑉 ). (39)

If successful, it declares 𝐻̂ = 0. Otherwise, it declares 𝐻̂ = 1.
Analysis: We only provide a very rough sketch. A precise 

analysis requires carefully aligning several type considerations 

and can be obtained by following the steps in [13, Thm 2].

For type-I error, we have the upper bound

𝛼𝑛 ≤ ℙ[∀𝑚 : (𝑊 𝜏(𝑚), 𝑈𝜏) ∉ 𝒯︀𝜏𝜇 (𝑃𝑊𝑈)|𝐻0]
+ℙ[(𝑊 𝜏(𝑀), 𝑉 𝜏) ∉ 𝒯︀𝜏𝜇 (𝑃𝑊𝑉 )

|∃𝑚 : (𝑊 𝜏(𝑚), 𝑈𝜏) ∈ 𝒯︀𝜏𝜇 (𝑃𝑊𝑈)

, ∃𝑚 : (𝑋𝑘(𝑚), 𝑌 𝑘) ∈ 𝒯︀𝑘𝜇 (𝑃𝑋𝑌 ),𝐻0]

+ℙ[∀𝑚 : (𝑋𝑘(𝑚), 𝑌 𝑘) ∉ 𝒯︀𝑘𝜇 (𝑃𝑋𝑌 )|𝐻0]. (40)

First two terms vanishes by similar analysis as in Section IV, 

while the remaining term also decays to zero by noticing that

𝜏𝑅 < 𝑘𝐼(𝑋; 𝑌 ). (41)
For type-II error,

𝛽𝑛 ≤ ℙ[(𝑊 𝜏(𝑀), 𝑉 𝜏) ∈ 𝒯︀𝜏𝜇 (𝑃𝑊𝑉 )
|∃𝑚 : (𝑊 𝜏(𝑚), 𝑈𝜏) ∈ 𝒯︀𝜏𝜇 (𝑃𝑊𝑈)

, ∃𝑚 : (𝑋𝑘(𝑚), 𝑌 𝑘) ∈ 𝒯︀𝑘𝜇 (𝑃𝑋𝑌 ),𝐻1], (42)

which can be treated as (30) to get for 𝑛 large enough

𝛽𝑛 ≤ 2−𝜏(𝐼(𝑊;𝑉 )−𝜈). (43)
This establishes the exponent



−1
𝑘
log 𝛽𝑛 =

𝜏
𝑘
𝐼(𝑊; 𝑉 ) = 𝐼(𝑊; 𝑉 )

𝑅
𝐼(𝑋; 𝑌 ) − 𝛿′ − 𝜈, (44)

for 𝛿′ = 𝛿𝐼(𝑊; 𝑉 ). Letting 𝑛⟶∞, then 𝛿, 𝜈 → 0 and opti

mizing over the compressor 𝑃𝑊|𝑈  and over the channel input 

PMF 𝑃𝑋 yields the desired result.

VI. Proof of Theorem 5

Take an 𝜀-achievable second order exponent 𝜂. Accordingly, 

consider a sequence (𝑔𝑛, 𝑓𝑛) so that (4) and (7) hold. Notice 

that 𝜃∗(𝜀) = 0 here, due to (6).

Fix 𝑛. The PMF of (𝑌 𝑘, 𝑉 𝑛) accessible at the decision 

center is denoted 𝑃𝑌 𝑘𝑉 𝑛  under 𝐻0 and 𝑃𝑌 𝑘𝑃𝑉 𝑛  under 𝐻1.

The DPI gives

𝑑(𝛼𝑛‖𝛽𝑛) ≤ D(𝑃𝑌 𝑘𝑉 𝑛 ‖ 𝑃𝑌 𝑘𝑃𝑉 𝑛), (45)
where 𝑑(⋅ ‖ ⋅) denotes the binary divergence. Expending the 

left-hand side yields, for ℎ(⋅) the binary entropy,

=−ℎ(𝛼𝑛)

⏞(1 − 𝛼𝑛) log(1 − 𝛼𝑛) + 𝛼𝑛 log(𝛼𝑛)
≥0

⏞−𝛼𝑛 log(1 − 𝛽𝑛)
−(1 − 𝛼𝑛) log(𝛽𝑛) ≤ D(𝑃𝑌 𝑘𝑉 𝑛 ‖ 𝑃𝑌 𝑘𝑃𝑉 𝑛). (46)

Therefore,

−(1 − 𝛼𝑛) log(𝛽𝑛) ≤ D(𝑃𝑌 𝑘𝑉 𝑛 ‖ 𝑃𝑌 𝑘𝑃𝑉 𝑛) + ℎ(𝛼𝑛) (47.1)
≤ D(𝑃𝑌 𝑘𝑉 𝑛 ‖ 𝑃𝑌 𝑘𝑃𝑉 𝑛) + 1 (47.2)
= I(𝑌 𝑘; 𝑉 𝑛) + 1. (47.3)

Now, we use the strong DPI on 𝑌 𝑘 − 𝑈𝑛 − 𝑉 𝑛, stated as

I(𝑌 𝑘; 𝑉 𝑛) ≤ 𝜂(𝑃𝑈𝑛 , 𝑃𝑉 𝑛|𝑈𝑛) I(𝑌 𝑘; 𝑈𝑛), (48)

to obtain

−(1 − 𝛼𝑛) log(𝛽𝑛) ≤ 𝜂(𝑃𝑈𝑛 , 𝑃𝑉 𝑛|𝑈𝑛) I(𝑌 𝑘; 𝑈𝑛) + 1 (49.1)

= 𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈) I(𝑌 𝑘; 𝑈𝑛) + 1, (49.2)

where (49.2) holds by the tensorization of the contraction 

coefficient [19, Prop. 33.11]. We further have by DPI

I(𝑌 𝑘; 𝑈𝑛) ≤ I(𝑌 𝑘; 𝑋𝑘) ≤ 𝑘 ⋅ 𝐶. (50)
Combining (49.2) with (50),

−1
𝑘
log(𝛽𝑛) ≤

𝐶 ⋅ 𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈)
1 − 𝛼𝑛

+ 1
(1 − 𝛼𝑛)𝑘

. (51)

And finally taking the limit on 𝑛⟶∞,

𝜂 ≤
𝐶 ⋅ 𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈)

1 − 𝜀
. (52)

Since (52) is valid for any 𝜀-achievable 𝜂, we obtain

𝜂∗(𝜀) ≤
𝐶 ⋅ 𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈)

1 − 𝜀
, (53)

and the desired converse result for 𝜀 = 0.

VII. Proof of Theorem 3

Take an 𝜀-achievable second order exponent 𝜂 and a sequence 

(𝑔𝑛, 𝑓𝑛) so that (4) and (7) hold. Fix 𝑛, let 𝑃𝑀𝑉 𝑛  and 𝑄𝑀𝑄𝑉 𝑛  

be the PMFs of (𝑀, 𝑉 𝑛) under 𝐻0 and 𝐻1 respectively.

Mimicking the steps of Section  VI up to (47.2) for a 

noiseless channel, meaning take 𝑌 𝑘 = 𝑀 ,

−(1 − 𝛼𝑛) log(𝛽𝑛) ≤ D(𝑃𝑀𝑉 𝑛 ‖𝑄𝑀𝑄𝑉 𝑛) + 1. (54)
By multiplying and dividing by 𝑃𝑀(.)𝑃𝑉 𝑛(.) in the logarithm,

D(𝑃𝑀𝑉 𝑛 ‖𝑄𝑀𝑄𝑉 𝑛) = D(𝑃𝑀𝑉 𝑛 ‖ 𝑃𝑀𝑃𝑉 𝑛) + D(𝑃𝑀 ‖𝑄𝑀)
+D(𝑃𝑉 𝑛 ‖𝑄𝑉 𝑛), (55)

and by DPI

D(𝑃𝑀 ‖𝑄𝑀) ≤ D(𝑃𝑈𝑛 ‖𝑄𝑈𝑛). (56)
Based on (55) and (56), it holds that

D(𝑃𝑀𝑉 𝑛 ‖𝑄𝑀𝑄𝑉 𝑛)
≤ D(𝑃𝑀𝑉 𝑛 ‖ 𝑃𝑀𝑃𝑉 𝑛) + D(𝑃𝑈𝑛 ‖𝑄𝑈𝑛) (57.1)

+D(𝑃𝑉 𝑛 ‖𝑄𝑉 𝑛) (57.2)
= I(𝑀; 𝑉 𝑛) + 𝑛 ⋅ (D(𝑃𝑈 ‖𝑄𝑈) + D(𝑃𝑉 ‖𝑄𝑉 )) (57.3)
= I(𝑀; 𝑉 𝑛) + 𝑛 ⋅ 𝜃∗(𝜀). (57.4)

Then, applying the strong DPI to (57.4) as in (49),

D(𝑃𝑀𝑉 𝑛 ‖𝑄𝑀𝑄𝑉 𝑛)
≤ 𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈) I(𝑀;𝑈𝑛) + 𝑛 ⋅ 𝜃∗(𝜀) (58.1)
≤ 𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈) ⋅ (𝑘 + 1) + 𝑛 ⋅ 𝜃∗(𝜀), (58.2)

where in (58.2) we used I(𝑀;𝑈𝑛) ≤ H(𝑀) ≤ 𝑘 + 1.
Going back to (54) equipped with (58.2), we obtain

−(1 − 𝛼𝑛) log(𝛽𝑛)
≤ 𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈) ⋅ (𝑘 + 1) + 𝑛 ⋅ 𝜃∗(𝜀) + 1. (59)

Thus,

− log(𝛽𝑛) − 𝑛 ⋅ 𝜃∗(𝜀) ≤
𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈) ⋅ (𝑘 + 1)

1 − 𝛼𝑛

+𝑛 ⋅ 𝛼𝑛 ⋅ 𝜃
∗(𝜀)

1 − 𝛼𝑛
+ 1
1 − 𝛼𝑛

, (60)

and

1
𝑘
(− log(𝛽𝑛) − 𝑛 ⋅ 𝜃∗(𝜀)) ≤

𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈) ⋅ (𝑘 + 1)
𝑘(1 − 𝛼𝑛)

+𝑛
𝑘
⋅ 𝛼𝑛
1 − 𝛼𝑛

⋅ 𝜃∗(𝜀) + 1
𝑘(1 − 𝛼𝑛)

. (61)

Now, under the assumption

lim sup
𝑛⟶∞

(𝛼𝑛 ⋅
𝑛
𝑘
) = 0, (62)

which notably implies that 𝜀 = 0, letting 𝑛⟶∞ gives

𝜂 ≤ 𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈). (63)

Finally, as claimed we get under (62)

𝜂∗(0) ≤ 𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈). (64)

To prove Theorem 2, note that in this scenario 𝜃∗(𝜀) = 0. 
Hence, we can directly obtain from (61) that

𝜂∗(𝜀) ≤
𝜂(𝑃𝑈 , 𝑃𝑉 |𝑈)
1 − 𝜀

, (65)

yielding the desired result when specifying for 𝜀 = 0.
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